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Abstract. We show that if a closed orientable 2A:-manifold K, k > 2, with Euler characteristic 
x{K) ^ —2 admits an exact Lagrangian immersion into C^*^ with one transverse double point 
and no other self intersections, then K is diffeomorphic to the sphere. The proof combines 
Floer homological arguments with a detailed study of moduli spaces of holomorphic disks with 
boundary in a monotone Lagrangian submanifold obtained by Lagrange surgery on K. 



1. Introduction 

Consider C" with coordinates z = (xi + iyi, . . . ,x„ + iy„), Liouville form 6 = X]j=i Vjdxj, 
and symplectic form ui = —d9. An immersion f : K ^ C" of an n-manifold K is Lagrangian 
if /*w = 0, and exact Lagrangian if the closed form f*9 is also exact, i.e. f*0 = dz for some 
function z: K ^M.. 

Gromov proved that there is an ^.-principle for exact Lagrangian immersions |19j . which are 
therefore flexible geometric objects: every closed n-manifold I\ for which TK TK is trivial 
admits such an immersion in C". By contrast, exact Lagrangian immersions with a fixed number 
of double points display interesting rigidity phenomena. For example, Gromov's classical result 
[18j that no closed manifold admits an exact Lagrangian embedding into C" can be viewed as a 
statement about exact Lagrangian immersions with no double points. Our main result provides 
another striking illustration of such rigidity: 

Theorem 1.1. Let I\ be a closed orientable 2k-manifold, k > 2, with Euler characteristic x(-ftr) 7^ 
—2. If K admits an exact Lagrangian immersion f:K^ C^''' with one transverse double point 
and no other self intersections, then K is diffeomorphic to the standard sphere S"^^ . 

Example 1.2. The Whitney sphere is the exact Lagrangian immersion w. 5" — !• C" where 

5" {(a-,y) e M" X K I + y2 ^ 1} and w{x,y) = {I + iy)x e . (1.1) 

It has exactly one transverse double point, w(0, 1) = ^(0, —1). 

Recall that twice the algebraic number of double points of an immersion of a closed orientable 
2fc-manifold into C^*^ equals the negative of the Euler number of its normal bundle. For La- 
grangian immersions the normal and tangent bundles are isomorphic, so in the situation of Thc- 
orcm lLll yfJO = ±2. The choice of primitive f*9 = dz defines an embedding f x z: if^C"xM 
which is Legendrian with respect to the contact form dz — 6. The assumption x{K) 7^ —2 en- 
sures that the Legendrian homology of this lift can be linearized, which in turn implies that / 
satisfies a version of the Morse inequalities for double points of exact Lagrangian immersions 
originally conjectured by Arnol'd, see [7l[T3]. A proof of the Arnol'd conjecture for general exact 
Lagrangian immersions would remove this extra hypothesis in Theorem ll.il The Morse inequal- 
ities, in combination with results of Damian show that if is a homotopy sphere, X w E. 
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The substance of Theorem 1 1.1 1 is the construction of a parallehzable manifold with boundary S, 
which in even dimensions is sufficient to exclude all the exotic spheres j24j . 

Any homotopy ri-sphcre S has smooth (non-Lagrangian) immersions into C" with exactly 
one transverse double point, and the /i-principle implies that E admits some exact Lagrangian 
immersion into C". Moreover, inexact Lagrangian immersions with a single double point are 
fairly common (take any Lagrangian immersion and remove all but one of the double points by 
surgery). Thus, the Euler characteristic assumption aside. Theorem 1 1.1 1 is "sharp". It gives non- 
trivial information in any dimension where there are exotic 2fc-spheres. (The numbers of smooth 
homotopy spheres in the lowest relevant dimensions are: 1 in dimension 6, 2 in dimension 8, 6 in 
dimension 10, 1 in dimension 12, and 2 in dimension 14. For general dimension 2k, the number 
is finite but can be arbitrarily large |24|.) Theorem 11.11 implies that any Lagrangian immersion 
of an exotic 2fc-sphere has at least three double points. We remark that any exotic sphere admits 
Morse functions with exactly two critical points [40], so Theorem II . II detects a phenomenon that 
goes beyond Morse theory, and presumably beyond its Floer homological counterparts. 

I. 1. About the proof of Theorem ll.li The construction of a parallehzable filling has two 
central steps. First, an argument going back to Gromov |18) and Oh |31j yields a non-compact 
cobordism with boundary a given Lagrangian submanifold of C"; this cobordism is built from 
solutions to perturbed Cauchy-Riemann problems. Second, via techniques introduced by Fukaya, 
Oh, Ohta and Ono [T7], such a cobordism can be compactified and capped off using fibered 
products of moduli spaces and abstract chains bounding such spaces. Such a strategy was 
spectacularly implemented in a similar context by Abouzaid [1] , following suggestions of Seidel. 

A more precise description of the argument is as follows. Given / C^*^ as in Theorem 

II. 11 we apply Lagrange surgery to create a monotone embedded smooth Lagrangian submanifold 
L C C^*^ of minimal Maslov number 2k. By [B], L then fibers over with fiber a homotopy 
{2k— l)-sphere. We study a 1-parameter family of Floer equations (perturbed Cauchy-Riemann 
equations) with Lagrangian boundary condition L. The corresponding moduli space J^(0/3) of 
Floer holomorphic disks in the trivial relative homotopy class is used to explicitly construct a 
bounding manifold B with dB = L and with stably trivial tangent bundle. This construction is 
somewhat involved (the subsequent notation is that which appears in the body of the paper): 
J^(0/3) is non-compact because of bubbling and has a compactification with boundary consisting 
of broken curves. In the case we study there is only one possible bubbling configuration, and the 
boundary A/" is a fibered product of two other moduli spaces, M = T* {—(3) x ^ Al* (/?). Employing 
gluing analysis, we find a neighborhood of the boundary in J^(0/3), the complement of which is 
a compact C^-smooth manifold Jp^ (0/3) with dTp^, (0/3) = LU J\f, as well as an explicit collar 
neighborhood of A/" C J^p„{0f3)- Using the fibered product with one factor a manifold V filling 
T*{—(3) and the other J\4*{(3), we are able to fill the boundary A/" C dTp„{OP) and thereby create 
the cobordism B = Tp„{0/3) U (2? 7W*(/3)). 

We next analyze the stable tangent bundle of B. The stable tangent bundles of J^(0/3), J^* {—(3), 
and Ai*{(3) are all restrictions of index bundles over the product of the space of smooth maps 
{D,dD) (C^'^,i), where D is the 2-disk, and a half-line. Here the Fredholm problem at a 
point (u, r) is a Cauchy-Riemann operator with Lagrangian boundary condition given by the 
Lagrangian tangent planes of L along We view i as a piecewise linear (pl) embedding, 

which allows us to study these index bundles very explicitly. First, L is PL-homeomorphic to 
the manifold W' obtained by Lagrange surgery on the Whitney sphere and, being embedded in 
double dimension, there is an ambient PL isotopy taking L to W . Second, the isotopy can be 
covered by a homotopy of (stable) Lagrangian Gauss maps into the Lagrangian Grassmannian. 
Consequently, if an index bundle associated to W is stably trivial, then so is the corresponding 
bundle associated to L. 
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Restriction to the boundary gives a homotopy equivalence from the space of maps {D, dD) — > 
{C'^'^^W') to the free loop space of W ~ 5^ x 5'^'^ ^. Using the energy functional of the standard 
metric on 5^'^'"^, we get a {6k — 7)-skeleton for the free loop space, over which we give an explicit 
trivialization of the index bundles. This shows that the tangent bundles of J-{OP), J-*{~f3), and 
are all stably trivial. In order to relate trivializations of these three bundles near the 
boundary of J-"(0/3) we introduce "coherent trivializations" , generalizing the more familiar idea 
of coherent orientations, and prove existence in the case under study. This allows us to reduce 
the question of extension of the stable trivialization over J^pg{0(3) to the cap T> Xl to a 

problem about spin structures. We prove the spin problem is not obstructed, and conclude that 
TB is stably trivial. Finally, adding a 2-handle to B, we produce a parallelizable filling for the 
homotopy sphere K. 

The filling argument just outlined has much in common with the argument used by Abouzaid 
in [I], where he started from an embedding T*S'^''+^ CP^'^' x C^'^+i, and a Hamiltonian 
isotopy displacing the image. The perturbed family of Cauehy-Riemann problems underlying 
Theorem 11.11 is analogously obtained from a Hamiltonian isotopy which displaces L from itself. 
In Abouzaid's case, there were two bubble configurations, leading to additional complications. 
His filling was accordingly built from a smooth structure constructed on a CW-approximation of 
the actual moduli space of Floer disks. Our argument is more direct, and gives a C^-strueture 
on the eompaetified moduli space itself. 

1.2. Lagrangian embeddings. Because most of the argument for Theorem 11.11 is carried out 
on the embedded Lagrange surgery, the method of proof also gives results for Lagrangian embed- 
dings, provided a homotopy obstruction arising from the stable Lagrangian Gauss map vanishes. 
If the dimension is divisible by 8 then the homotopy group in which the obstruction lies is zero. 

Corollary 1.3. If k > 1, then a monotone Lagrangian submanifold L C C*'^ of minimal Maslov 
number 8k bounds a parallelizable manifold. 

Any such manifold is known [6j Theorem 1.7] to be a fiber bundle over with fiber a 
homotopy {8k— l)-sphere Q. For general homotopy spheres Q, the mapping class group 7roDiff(Q) 
is unknown. However, if the fiber is the standard sphere, Q « S^^~^, then the mapping torus 
(being orientable) is diffeomorphic to a connected sum {S^ x S'*'^"^)#I]^'"' for some homotopy 8fc- 
sphere E, cf. Remark 12.91 and such a manifold framed bounds only if E is diffeomorphic to S^''. 
Thus, Corollary 11.31 implies that such a monotone L is either the obvious product of standard 
spheres, or an exotic sphere bundle. 

To state a further result, let P = x S^'^~'^, k > 1, and recall that 011 Theorem 1(c)] any 
smooth manifold homotopy equivalent to P is diffeomorphic to for some homotopy sphere 

E and that P#E is diffeomorphic to P if and only if E is diffeomorphic to S^'^, [371 Theorem A]. 

Corollary 1.4. If k>l and E is a homotopy 8k-sphere, then the cotangent bundles T*P and 
T*(P#E) are symplectomorphic if and only ifYjK, S^^ is the sphere. 

We remark that T*{P^Yi) and T*P are diffeomorphic, cf. Remark [2.10l Corollarv ll.4l is analo- 
gous to Abouzaid's Theorem [1] which says that if E is a homotopy (4fc + l)-sphere which does not 
bound a parallelizable manifold then T*E is not symplectomorphic to T*S^^^^. It contributes 
to recent progress on Arnold's "nearby Lagrangian submanifold" conjecture [5], which asserts in 
particular that T*M and T*N are symplectomorphic only when M and N are diffeomorphic. 

1.3. Gluing results and the odd-dimensional case. The second half of the paper contains 
the gluing analysis needed to obtain C^-smooth structures (and hence tangent bundles) on the 
eompaetified moduli space and on B. Constructions of such C^-structures are complicated by the 
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fact that holomorphic disks bubbling off have automorphisms. Wc overcome these complications 
by using intersections with ambient hypersurfaces to stabilize the domains of the bubbles. In 
order to control these intersection points as the disks vary in the moduli space, we are led to 
study moduli spaces with jet conditions. To facilitate that study we make the Lagrangian L real 
analytic and take the almost complex structure standard in a neighborhood of L. This provides 
standard local solutions at boundary points with arbitrary m-jet for any m > 0, which allow us to 
deal with jet-conditions using essentially finite dimensional techniques. Because we work in C", 
and the holomorphic bubble disks all realize primitive relative homotopy classes, our analytical 
arguments are rather explicit. In particular, geometric arguments suffice for transversality, there 
is no need for abstract perturbations, and there are no orbifold complications. 

The gluing analysis applies to a Lagrangian embedding L — > C" of minimal Maslov number n 
and with t^i{L) — Z, with no assumption on the parity of n. If n is odd, however, the topological 
side of the story is complicated at various places. The original Lagrange immersion / : A' — > C" 
could in principle have a unique double point of Legendrian homology grading (Maslov index) 1, 
rather than ??, in which case Lagrange surgery would not give L with minimal Maslov number n 
and the Legendrian homology would not be linearizable. Even if the Lagrangian L obtained by 
surgery has Maslov index n, the bounding manifold obtained from spaces of holomorphic disks 
cannot be parallelizable since L is not orientable; the boundary of the orientation double cover 
of the filling could contain two canceling copies of an exotic sphere with opposite orientations. 
In spite of this, it would be interesting to study the implications of the gluing result in the odd 
dimensional case, and we hope to address this elsewhere. 

1.4. Organization of the paper. Section [2] recalls the Floer homological arguments which 
imply, in the situation of Theorem 11.11 that K « S is a homotopy sphere. Section [3] constructs 
a parallelizable bounding manifold for S, subject to establishing a suitable analytical framework 
for the relevant moduli spaces, and finishes with the proofs of Theorem 11.11 and its corollaries. 
The underlying analysis is deferred to Sections S] - [HI Whilst much of this is encompassed by 
standard pseudo holomorphic curve theory, we include enough background to give an essentially 
complete proof of the notable exception. Theorem 16.81 which constructs a C^-structure on a 
certain compactified moduli space of Floer holomorphic disks. Finally, Section [7] discusses index 
bundles over the loop space of x S"^^"^ , and constructs coherent trivializations. 

Acknowledgements. T.E. is partially supported by the Goran Gustafsson Foundation for Re- 
search in Natural Sciences and Medicine. I.S. is partially supported by European Research 
Council grant ERC-2007-StG-205349. The authors are indebted to Mohammed Abouzaid and 
Paul Seidel for helpful conversations. 

2. Topological restrictions from Floer homology 

In this section we discuss topological constraints on exact Lagrangian immersions with a single 
double point that can be derived from Floer homological arguments. 

2.1. Legendrian homology. Let f : K ^ C" be an exact Lagrangian immersion of an ori- 
entable 2fc-manifold with a single transverse double point. As explained in Section [T] there is a 
Legendrian lift / = / x z : K — > C" x M. In this case / is necessarily (and not just generically) 
an embedding. To see this, note that if / was an immersion, there could be no holomorphic disk 
with boundary on K (its area would be given by a positive multiple of the length of the Reeb 
chord of the Legendrian lift, which vanishes if the lift still has a double point). The Legendrian 
homology of K, or of two parallel copies K U K of could then be linearized; the linearized 
Legendrian homology oi KUK would equal i?* {K) by [9] but this is impossible {K is displaceable 
so the linearized homology must vanish). 
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Since K is orientable the Maslov class of K is even and we can define a Z2-grading on the 
Reeb chords of /, see [TO]- If a is a Reeb chord then we write \a\2 € Z2 = {0, 1} for this grading. 
Furthermore, in case the Maslov class of K vanishes then we get a well defined Z-grading |a| of 
Reeb chords a. 

Assume now that n = 2k. Then we have the following relation between Reeb chord gradings 
and Euler characteristic. 

Lemma 2.1. Let g: M ^ C^*^ be a self transverse exact Lagrangian immersion of an orientable 
closed 2k-manifold such that the Legendrian lift g of g is an embedding. Let Q denote the set of 
Reeb chords ofg. Then the Euler characteristic x(M) of M satisfies 

x(Af) = 2^(-l)H^ 
ceQ 

Ln particular, if f : K — >■ C^*^ is an exact Lagrangian immersion with exactly one double point 
then x{K) ~ ±2, where the sign is positive if the unique Reeb chord a of f satisfies \a\2 = and 
negative if \a\2 ~ 1. 

Proof. The Euler characteristic formula is straightforward, see [HI Equation (3.2) and Proposi- 
tion 3.2 (2)], and the last statement is an immediate consequence of it. □ 

Consider now a self transverse exact Lagrangian immersion f : K C^'^ with a single double 
point and corresponding unique Reeb chord a of the Legendrian lift /. If \a\2 — 1 then, in 
principle, one could have the relation 9a = 1 in the Legendrian DGA. This would then not be 
linearizable, and cannot be used to draw conclusions about the topology of K (this situation 
corresponds to the Lagrangian Floer homology of the immersed Lagrangian being obstructed) . 
If on the other hand \a\2 = then we have the following. 

Lemma 2.2. Let f : K ^ C^'^ be an exact Lagrangian immersion such that the unique Reeb chord 
a of the Legendrian lift f satisfies \a\2 ~ 0. Then K is a Z-homology sphere. Consequently, its 
Maslov class vanishes, and moreover \a\ ~ 2k. 

Proof. Consider first Z2-coefRcients; |a|2 = implies that the Legendrian DGA of / is lineariz- 
able. It then follows from the Z2-graded Morse inequalities for linearized Legendrian homology 
over Z2, see O Theorem 1.2] that dim(iJ* (i^; Z2)) < 2. On the other hand dim(ffo(if ; Z2)) = 
dim(if2fe(-^; Z2)) = 1 and we conclude that Hj{K;Z2) = for j ^ 0,2k. In particular, 
H^{K;'Z2) = = i/^(/\;Z2), so K is spin and we can define the Legendrian homology DGA 
with arbitrary field coefficients. 

Repeating the above argument with Q-coefficients shows that H^{K;Q) = 0. Hence the 
Maslov class of / vanishes and there is a Z-grading on the linearized Legendrian homology. 
Repeating the argument again with Zp coefficients, p prime shows that Hj{K; Z) = 0, j 7^ 0, 2k, 
and then [21 Theorem 5.5] implies that \a\ — 2k. □ 

2.2. Lagrange surgery. Let /: K C^'' be a Lagrangian immersion with a unique transverse 
double point and Legendrian lift f ~ f x z, and suppose the conditions of Lemma [2^ hold. We 
write C K for the preimage of the double point, f{p+) ~ f{p-), and choose notation so 

that z{p^) > z{p_). There is a surgery procedure which resolves the double point [35]. It gives 
a Lagrangian embedding of K with a 1-handle attached, Kfj^{S'^^^^ x S^). In fact, there are two 
ways of adding the handle, which lead to Lagrangian non-isotopic submanifolds. 

To simplify our discussion of this surgery procedure we first note that after Hamiltonian isotopy 
we may assume that the double point is located at G C^'^ and that near the two sheets of 



6 



TOBIAS EKHOLM AND IVAN SMITH 



f{K) agree with 

r = M2feyj]^2fc ^ ^2fc_ ^2.1) 

Since the Maslov class of / vanishes we can define a phase function : if — IR which measures 
local contributions to the Maslov index and is unique up to additive constant, see [35] or [3J p. 6]. 
In terms of this function we have 

|aH0(p_)-0(p+) + fc-l. (2.2) 

Lagrange surgery is defined locally. Consider T as above and let x + iy he the standard 
coordinate on C. Write 

Q*j. = {x + iy: X > 0, ±y > 0, x + iy ^ 0} 
Fix smooth embedded paths 7± : M — > (5± which satisfy 



7±(i) = 



— < for t < — e, 
±it for t > e. 



Thinking of S'^'^ ^ as the unit sphere in M^*"' we define the two Lagrange handles H± as follows: 

H± = [j 7±(t) • S^''-^ C (2.3) 



where ^- denotes multiplication by the complex scalar C. Then H± are embedded Lagrangian 
submanifolds diffeomorphic to S'^'^^^ x M and co-inciding with F outside of a ball of radius 2e 
around the origin. As above there is a phase function 0: H± — > M which is unique up to additive 
constant. 



Lemma 2.3. Let 4>: H± — >■ R 6e the phase function which equals on H± n . Then 

(1) on H+, (l){ri) = k-lforT]& n H+, and 

(2) on H_, (t>{ri) = -{k - 1) /or e n 

Proof. Consider the tangent planes along the path 7±(t) • v, for w g S"^*"'"^. On the subspace of 
the tangent space perpendicular to v this is just multiplication by 7± [t) which contributes ±2^-!- 
to the phase function on H± . The tangent vector 7± (<) • w makes a quarter rotation of sign =p on 
which contributes T5 to the phase function. □ 

We next discuss Lagrange surgery on / : K ^ <C'^^ . Choose coordinates so that p- lies in the 
R^'^-sheet of / and p_ in the zM^'^-sheet at the double point of /. Removing 3e-disks in R^*^ and 
around and replacing them by the compact part of H± bound by the spheres of radius 
3e in R^*"' and iM?^ , we construct two embedded Lagrangian submanifolds L±. Topologically, 
L± is K with a 1-handle attached. In particular, Hi{L±;Z) = Z. If L C C" is a Lagrangian 
submanifold, let € Z>o denote its minimal Maslov number. 



Lemma 2.4. Let f : K C'^^ be a Lagrangian immersion as in Lemma \2.2\ and let L± be 
constructed by Lagrange surgery on f , as described above. Then 

HLj^ = 2k and fiL_ = 2. 



Remark 2.5. Note that L± is orientable if and only if /i^^ is even. Hence, L± is orientable. 
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Proof. Observe that the Maslov index of the loop which starts in the iR^'^-shect of K at in 
the 3e-sphere around p^, foUows K to p'_ in the 3e-sphere around p_ in the R^'^-sheet, and then 
connects p'_ to p'^ across the added handle H± equals 

(I)k{P-) - (t)K{p'+) - <i>H± + 0H± {P+), 

where (j)L denotes a phase function of the Lagrangian L. The lemma then follows from (|2.2p and 
Lemma 12.31 □ 

Example 2.6. Let tt: C^''' — >■ C be the model Lefschetz fibration 

2fc 

T:{zi,...,Z2k) = ^zj. 

i=i 

Let 7 be a smooth embedded closed curve in C passing through the origin. The union of the 
vanishing cycles of tt along 7 defines an immersed Lagrangian sphere W C C" with a single 
transverse double point, which is one model for the Whitney immersion, see Section [1] For 
instance, if 7 n Bq{S) ~ {—S,S) C M, then the vanishing cycles Vt = ^/tS^'^^^ C Tr^^{t) along 7 
are locally given by 

[j Vt = K^''; y Vt^ iM.'^'' 

t6[0,i5) te(-<5,0] 

which meet transversely. The two surgeries of W are given by perturbing 7 to an embedded 
curve in C* which either does or does not enclose the origin. The Maslov n surgery W+ = W is 
Lagrangian isotopic to the Lagrangian x S"^*^"^ in the model Lefschetz fibration, 

which is also the mapping torus of the antipodal map on S'^'""^. 

2.3. Homotopy type. In [6], Damian defined the "lifted Floer homology" of monotone La- 
grangian embeddings, which is essentially the Floer homology of the given embedding equipped 
with a local system defined by pushing forward the trivial local system from the universal cover. 
He used it to derive constraints on the possible fundamental groups of monotone Lagrangian 
submanifolds of C" of large Maslov number. For the case under consideration here, his work 
implies the following. 

Lemma 2.7. With notation as in Lemma \2.4\ if k > 3 then i+ is a smooth manifold which fibers 
smoothly over the circle with fiber a homotopy {2k — I) -sphere. 

Proof. Lemma 12.41 implies that L-^ is a monotone Lagrangian submanifold of C^''' with minimal 
Maslov number 2k. Since every compact subset of C^'^ is displaceable by Hamiltonian isotopy, 
[6l Theorem 7, last two lines] gives the result. (Note that existence of a smooth fibration is a 
consequence of the exactness of the Morse-Novikov inequalities, whereby vanishing of Novikov 
homology implies existence of a non-singular closed 1-form, see [34].) □ 

Corollary 2.8. The manifold K is diffeomorphic to a homotopy sphere E of dimension 2k and 
the manifold Lj^ is diffeomorphic to {S^ x S'^^^^)ffE. 

Proof. Smoothly, the manifold L-|_ is obtained by adding a 1-handle to K. To obtain K from L_|_ 
we add a 2-handle that cancels the original 1-handle. Since i+ fibers over the circle with fiber a 
homotopy sphere it follows that isT is a homotopy sphere. Finally, it is clear that the manifold 
that results from adding a 1-handle to S is {S^ x S'^^^^)ij^Y.. □ 
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Remark 2.9. Damian's result 12.71 docs not itself exclude exotic spheres from admitting La- 
grangian immersions with a single double point. For n > 6, Cerf's pseudo-isotopy theorem [S] 
implies that the group 0„ of /i-cobordism classes of exotic spheres corresponds bijectivcly to the 
(orientation-preserving) mapping class group 7roDiff(S'"~^) of the (n — l)-sphere, via the con- 
struction of homotopy spheres from clutching functions. One can correspondingly re-interpret 
the connect sum S' = I]#(S'^ x S'^'^^^) as the total space of a fiber bundle over the circle, with 
fiber S'^'^^^ and monodromy the diffeomorphism corresponding to E. 

Remark 2.10. Let P be the manifold x S'^''^^. For any exotic sphere S, the manifolds T*P 
and T*{P^Y.) are diffeomorphic. Indeed, both P and P#S admit Morse functions with exactly 
4 critical points. The difference in their differentiable structures comes from the attaching maps 
of their top-dimensional handles. A handle decomposition for a cotangent bundle is obtained 
from a handle decomposition of its base by thickening all handles. In particular, for the cotan- 
gent bundles considered here, the attaching (2k — l)-spheres for top-dimensional handles have 
codimension 2k in the boundary and are thus smoothly isotopic. 

3. COBORDISMS FROM CAUCHY-RiEMANN PROBLEMS 

In this section we construct a parallelizablc manifold bounding any homotopy 2fc-sphere E 
which admits an exact Lagrangian immersion into C'^'^ with only one double point, thereby 
proving Theorem 11.11 The proof uses moduli spaces of holomorphic disks. In order not to 
obscure the steps of the construction, we defer the functional analytic arguments needed to 
establish transversality and gluing results for these moduli spaces to Sections [4] - [G] 

We will use the following notation below. Consider standard coordinates x + iy = {xi + 
iyi, . . . , x„ -f iyn) on C". We write 

n 

Wo ^ dxj A dyj and Jo : ^C" -> TC" (3.1) 

i=i 

for the standard symplectic structure and the standard complex structure (which corresponds to 
multiplication by the complex unit i) on C", respectively. If (M, w) is a symplectic manifold and 
H : M X [0, 1] — > M is a smooth time-dependent Hamiltonian function then we write Xh ■ M x 
[0, 1] — > TAI for the time-dependent Hamiltonian vector field of iJ, defined by the equation 
a;(X/f , •) = clHt^ where Ht: M ^ M denotes the restriction i?|j\/x{t}- 

3.1. Cauchy-Riemann equations and Hamiltonian displacement. Let L C C" be a La- 
grangian submanifold with tti [L) ~ 7L and of minimal Maslov number n. We assume that L 
is real analytic, see Lemma 14.11 Consider a compactly supported time-dependent Hamiltonian 
function H : C" x [0, 1] R and suppose that the following hold. 

• There exists eo > such that Ht is constant for t G [0, eo] U [1 — eo, 1]. 

• The time 1 flow 0^ of the Hamiltonian vector field Xh of H displaces L from itself: 

(/)!(£) nL = 0. 

Consider the strip K. x [0, 1] C C with coordinates s + it. Fix a smooth family of functions 
Qfr : K — >■ [0, 1], where r G [0, oo), with the following properties: 

• OLr — \ for I s I < 7' and a,. = for | s | > r + 1 . 

• > for s < and < for s > 0. 

as — — as — — 

We also fix a non-decreasing smooth function /3: [0, oo) —J- [0, 1] such that /3(r) = near r = 
and /3(r) = 1 for r > 1- If I? denotes the unit disk in C, then there is a unique conformal map 

C: M X [0, 1] ^ £> with i{±oo) = ±1 and ^(0) = -i, (3.2) 
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with inverse 

^-'^ =s + it: D^Rx [0,1]. (3.3) 
Write jr for the 1-form on D such that 

C*7r = p{r)ar{s)dt. 

Fix a small (5 > and let J7l denote the space of almost complex structures on C" which agrees 
with Jq in a (5-ncighborhood of L. Associated to J G J'l and r e [0, oo) is a Floer equation (which 
is a perturbed Cauchy-Riemann equation): 

{du + jr<E)XHf'^=Q forueC°°{{D^,dD),{C'',L)). (3.4) 

Here the vector field Xh depends on z e D, and is given by XHiu{z),t{z)), see p.3|) . and A^-^ 
denotes the (J, i) complex anti-linear part of the linear map A : TD TC"'. Since Ht is constant 
near t = 0, 1 and since "fr has compact support, it follows that for each ro there exists Sq such 
that 7r (8) = in a Jo-neighborhood of dD. Since in addition J ~ Jq near L, p.4[) reduces to 
the ordinary i9-equation dj^u — du'^'^ = in this Jo-neighborhood. 

Via the identification ^, the equation in local co-ordinates s + it E R x [0, 1] is 

dsu + J {dtu- p{r)ar{s)XHiuii{s,t)),t)) = 0, (3.5) 

with boundary conditions u{s,0) € L and u(s, 1) G L. Removal of singularities implies that any 
solution of (|3.5p with finite energy 

/ {\dsuf + \dtuf) ds A dt < oo 

Jmx [OS] 

extends smoothly to the disk, hence gives a solution of the Floer equation (|3.4p . We call solutions 
of the Floer equation Floer holomorphic disks. 

Recall that 7ri(L) ~ Z and fix the generator /3 G tti{L) of Maslov number +n. Restriction 
to the boundary gives an isomorphism tt2{C",L) tti{L) and thus homotopy classes of disks 
u: {D, dD) — (C", L) are indexed by the integers. In particular, we have moduli spaces of Floer 
holomorphic disks in classes j/3 for any j S Z. Fix any k >2. 

Definition 3.1. Let J"(j/3) denote the space of pairs (w,r) e C""((D, aD), (C", i)) x [0,oo), 
m > of solutions to p.4p in homotopy class j(3. The fiber of the canonical map — > [0, oo), 
(w, r) ^ r, will be denoted 

Elliptic regularity implies that all solutions to p.4p are actually smooth. Here we write C™ 
rather than C°° in order to indicate that inherits its topology from a Banach space, see 

Remark l3.4l In Section |4] we set up the functional analytic framework for studying moduli spaces 
of Floer holomorphic disks that we actually use to define C^-structures and we refer to there for 
a more precise treatment. In Lemma 14.61 we recall the well-known proof of the following result: 

Proposition 3.2. When r ~ 0, every solution to p.4p is constant, 7^*^(0/3) is transversally cut 
out and canonically -diffeomorphic to L, and when r 3> 0, the equation has no solutions. 
Furthermore, for generic J S J7l and Hamiltonian function H : C" x [0, 1] — > K; 

(1) J-"(0;9) is a C^-smooth {n + l)-manifold, with boundary 57^(0/3) = 7^*^(0/3) = L. 

(2) J-{~j5) is a -smooth closed 1-manifold and J-^jP) is empty for j < —2. 

Remark 3.3. The space of solutions to p.4p in the relative homotopy class j(3 e 7r2(C",L) for 
fixed r has formal dimension 

dim i:F-{jf3)) = n + m(j/3) ^ ,i(l + j), (3.6) 
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by the Ricmann-Roch theorem, where /i denotes the Maslov index, and adding +1 for the param- 
eter r g [0, oo) gives the dimensions dim(J-"(j73)) — n(l + j) + 1 for the moduh spaces appearing 
in Proposition 13.21 

Remark 3.4. The C^-smooth structure on the moduh spaces, which is inherited from the am- 
bient configuration space (a Banach manifold), is actuahy independent of the choice of that 
configuration space: by eUiptic regularity, all Sobolev norms in question are equivalent to the 
C"-norm on the space of solutions. 

3.2. Broken disks. The manifold J^(0/3) of Floor holomorphic disks is necessarily non-compact 
since the Z2-degree of the boundary evaluation map into L, restricted to dT{0f3) = J^°(0/3), 
equals 1. However, it admits a canonical compactification, due to Gromov [TS] and Floer |14) . 
which we shall use to obtain a bounding manifold for L. The Gromov-Floer compactification 

J(0/3) = J'(0/3)U J"''^(0/3) 

is obtained by adding broken disks as solutions to the equations p.4[) . To describe a broken 
disk we first introduce the notion of a holomorphic tree (sometimes called a bubble tree), which 
is a finite rooted tree F such that: to each vertex v £ T corresponds a Jo-holomorphic disk 
Uy-. {D,dD) — ^ (C",L); to the edges e S F adjacent to v correspond pairwise distinct boundary 
marked points (^e G dD in the domain of and there is one additional marked point on the 
boundary of the source disk D of the root (distinct from all other marked points on dD), which 
we call the root point. We require that each holomorphic disk is stable (i.e. either non-constant 
or constant with at least three distinct boundary marked points), and, furthermore, that if v and 
w are vertices of F connected by an edge e then Uy{(y) = Uw{C,w)- We define the homotopy class 
of a holomorphic tree as the sum of the homotopy classes of all its vertex disks. A broken disk 
in then comprises 

• a solution uq to the equations \ZA\ in a homotopy class /3o with pairwise distinct marked 
points Ci , . . . , ; and 

• a collection of holomorphic trees Ti, 1 < i < v, such that uo(Ci) = evi.oot(ri), where 
cvroot denotes evaluation at the root point, in homotopy classes Pi. 

Here the homotopy classes are subject to the constraint that 

= 0. (3.7) 

Critically, in our situation there is a unique possible configuration of such broken solutions. 
To give a precise statement, we introduce a further notation. Note that if Hn = 0, the equations 
(|3.4p reduces to the usual Cauchy-Riemann equation 

du°'^^0 ioi u: {D,dD) ^ {C'',L) (3.8) 

for the given almost complex structure J G J^l. 

Definition 3.5. Let A^(j/3) denote the quotient space of solutions u to p.Sp in class j/S, modulo 
the group G ~ PSL2{C) of conformal automorphisms of the disk. Furthermore, we define 

(1) as the space of solutions to p.4p where the disk has a single boundary marked 
point; 

(2) M*{if3) as the space of solutions to p.Sp where the disk has a single boundary marked 
point. 
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The space F*{k(i) = J-{kf3) x dD is diffeomorphic to a product (see Remark 13.31 for the 
induced topology), whilst there is a natural forgetful map ^A*{jji) M.{j(5) which is a fiber 
bundle with fiber G/Gi = 5'"'^ isomorphic to the group of rotations, where Gi is the subgroup 
of automorphisms that fix the point 1 G dD. Again, Section |4] recalls the standard analytic 
framework for studying these moduli spaces. 

Proposition 3.6. After arbitrarily small perturbation of J G J7l or arbitrarily small real analytic 
Hamiltonian isotopy of L, one has: 

(1) M.{jj3) is empty for j < 0; 

(2) M{OP) is the set of constant maps; 

(3) A^(/3) is a transversely cut out closed manifold of dimension 2n ~ 3. 

That one can achieve transversality by perturbing L but leaving J = Jo fixed for disks in the 
primitive homology class /3 is a theorem of Oh |33] . The other statements are standard, cf. Lemma 
14.61 The smooth structure on A^(/3) is inherited from the ambient Banach configuration space as 
follows. Fix a parameterization u: D C" of an element in AA{j3). Since is non-constant 
the derivative is non-zero at some point in the boundary. Fixing three disjoint real codimension 
one hyperplanes in L C C" near this point gives three marked points on the boundary of any disk 
in a neighborhood of u that we use to fix parameterization and thereby construct local G^-chart 
on A^(/3) near u. Since A^(/3) is compact it has a finite cover of charts as just described. It 
is straightforward to check that transition functions between charts are smooth, thus giving a 
G^-structure on A^(/3), and that any two finite covers give rise to the same G^-structure; see 
Section l4?3l for details. 

The moduli spaces Ai*{l3) and J^*{k/3) come with canonical evaluation maps to L, which we 
denote by ev. Again, the following is standard, cf. Section U and Lemma [01 

Proposition 3.7. For generic J £ Jl and H e G°°(C" x [0, 1], M), the product of the evaluation 
maps 

ev: A^*(/3) — > i and ev : J"* (— /3) — > L, 

ev X ev, is transverse to the diagonal <Z L x L. Hence, the Gromov-Floer boundary J-^'^{0[3) 
is a closed n-manifold -diffeomorphic to the fiber product of these maps: 

F'^^im = F*{-P)xlM*{P) = (evxev)-i(Ai). 

Most of Sections [5] and [6l culminating in Theorem 16.81 is devoted to proving the following 
strengthening of the preceding result. 

Theorem 3.8. For generic J e Jl and H e G°°(C" x [0, 1],M), there is a -embedding 

J''"^(0/3) X [0,oo) ^ J'(O^) 

with image in the interior of and such that J'(0/3)\* (j'''^(0/3) x (0, oo)) is a compact 

manifold with boundary LlA ^(J^'"^(0/3) x {0}). Consequently, the compactified moduli space 

admits the structure of a C'^ -smooth manifold with boundary, whose boundary is diffeomorphic 
to the disjoint union 

57(0/3) = LUT'°'^{OP). 
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3.3. Capping the outer boundary. To obtain a compact manifold witli unique boundary 
component i, we will fill the outer boundary of J- (0(3). We adapt an ingenious trick from pQ 
Section 2c]. The outer boundary is difFeomorphic, via a gluing map, to a fiber product 

M = T^'^iO/3) ^ F*{-P)xlM*{P). 

Whilst the second factor A^*(/3) is an unknown orientable {2n — 2)-manifold, the first factor is 
a finite union of 2-tori. Let 2? be a finite union of solid tori with boundary dV = T*{f3). Since 
Hi{L; Z) « Z and H2{L; Z) = 0, the map ev: dD — >■ L extends to a map 

ev:V^L. 



Lemma 3.9. After arbitrarily small perturbation o/ J G J7l md Hamiltonian H, the fiber product 

T = VxlM*{(3) = (ev X ev)-i(AL) 

is transverse, and T is a compact -smooth manifold with boundary diffeomorphic to Af. 

A proof is given in Lemma [Ol Note that, since we perturb J £ Jl, the boundary dT is 
not strictly equal to the initially given Af: since the moduli spaces are slightly deformed the 
boundary which is the fibered product is deformed as well. However, the perturbation can be 
made arbitrarily small and hence there is an arbitrarily small diffeomorphism from the initial M 
to the version of Af after perturbation. This gives in particular the following. 



Corollary 3.10. The space B = J-{0I3) Uaa T is a compact -smooth manifold with dB = L. 

3.4. Tangent and index bundles of moduli spaces. For spaces of (Floor) holomorphic disks 
which are transversely cut out, the tangent bundle is described by index theory. Li Section 14.21 
we introduce a configuration space X of disks with boundary in L modeled on a Sobolev space 
of maps D — > C" with two derivatives in , and view the Floer operator as a map 

Bp: X X [0,oo) ^ 

where y is the subspace of the Sobolev space of complex anti-linear maps TD — > C" with one 
derivative in comprising elements that vanish along the boundary, and where the coordinate 
in [0,oo) parameterizes the Hamiltonian term of the Floer operator. We write X{jP) for the 
component of X containing maps that represent the homotopy class j/3 when restricted to the 
boundary. Let £'(9f) ■ TX — !• y denote the linearization of d-p and write 

TX{jp)^y 

for the index bundle of Did-p) over X{jP). Similarly, we write d for the Cauchy-Riemann operator 
without Hamiltonian term and D[d) for its linearization. 



Lemma 3.11. For a generic J ^ Jl and Hamiltonian H, there are the following identities: 
(1) in KO{T{0(3)), 



Txm y 



(2) inKO{F*{~p)), 



TXi^P) y 



where tt : J-* {—(3) — > J-'(— /?) is the projection that forgets the marked point. 
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(3) mK0{M*{f3)), 



TM*{P) 



where we embed C X{(3) by choosing a smooth section of the bundle over M*{p) 

whose fiber is the (contractible) automorphism group Gi of the given holomorphic disk. 

Proof. The identification of tlie i^T-tlieory class of the tangent bundle with the restriction of the 
corresponding linearized operator from the ambient space of smooth maps is a general feature of 
elliptic problems, cf. for instance McDuff [IHl Proposition 4.3] for the Cauchy-Riemann case. □ 

The moduli spaces we work with all consists of smooth maps and we will therefore often 
consider the restriction of index bundles from the configuration space to the space Xgm of C" 
maps for some large integer m. 

3.5. Index bundles and a piecewise linear isoptopy. Assume that the dimension n = 
dim(i) is even, n = 2fc > 4. As a first step toward proving that the tangent bundle of B is trivial 
we show that the index bundles in Lemma 13.111 can be understood through the corresponding 
bundles for the Lagrangian x S"^^'^ , W C C^*"' which results from Lagrange surgery on the 
Whitney sphere W. 



Lemma 3.12. The tangent bundle TL of L is stably trivial. 

Proof. The manifold L is the connect sum of a homotopy 2fc-sphere and the product S*^ x S"^^'^ , 
since each of the factors is stably parallelizable, see Theorem 3.1], so is their connected 
sum. □ 

Any Lagrangian immersion / : L — > C" defines a Gauss map to the Lagrangian Grassmannian 
U{n)/0{n) that takes q E L to df{TqL) e U{n)/0{n). Stabilizing, one obtains a stable Gauss 
map 

Gf.L^U/O, (3.9) 
if / is the inclusion map we sometimes write G l instead of G/ . 



Lemma 3.13. There is a one-parameter family of G'^-homeomorphisms 4>t'- ^ — > and a 
1 -parameter family of continuous maps 4't- x S'^^~^ — >■ U/O, with the properties that 

(1) 00 is the identity; 

(2) 01 (L) ^W; 

(3) TpQ = Gl and ipi = Gw' ° (f'l- 

Proof. Any homotopy n-sphere S, n > 4, admits a Morse function with exactly two critical points 
pi] , and hence admits the structure of a PL- manifold PL-homeomorphic to the standard sphere 
S'". Consider the Lagrangian immersion /: — > C^*^ and the Whitney sphere w: S'^^ — > C^*^ as 
PL-immersions. After an initial Hamiltonian isotopy of C^*^ we may assume that / and w agree 
near their unique double points. Let i? C C" be a small ball around the double point and let 
B c S^'' denote f-\B) = w-^{B). 

Since the codimension of the immersions is 2fc > 3 and C^*"' — _B is 4fc — 2 connected, it follows 
from [21] that the PL-embcddings /, w: {S'^^ — B, dB) — )• (C^*^ — B, dB) are isotopic rel boundary 
through PL-embeddings. The combinatorial isotopy extension theorem of |22j then implies that 
there is a global continuous 1-parameter family of PL-homeomorphism (pt '■ C^'"' — C^'^, < t < 1, 
with 00 — id and (pi o f — w. 
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Consider now the stable Gauss maps G/ and G^^o/ mapping a 2A:-sphere into U/0 and the 
associated stable tangent map of the obvious product Lagrangian immersion / x A' x M — >• 
C^*^ X C, where /,: R — )• C is the inclusion. Since the tangent bundle of the domain restricts as a 
globally trivial bundle to K y. {0}, the stabilized Gauss map, initially defined as a map of K into 
U/O^ lifts to a map K U. The stable homotopy groups of U vanish in all even dimensions 
and we conclude that G/ and G^^o/ are homotopic. 

Since L and W are obtained by Lagrange surgery on / and w, respectively, which is a local 
operation near the double point the lemma clearly follows from the above. □ 

Lemma 13.131 shows that to understand the index bundle over the space Xsm{L) of smooth 
disks with boundary on i, it will be sufficient to understand the corresponding index bundle 
over Xsm{W). In Section [7] we study this bundle explicitly using the fact that XsmiW) is 
homotopy equivalent to the free loop space of W , and working with a skeleton of the loop space 
obtained from the Morse-Bott energy functional of the round metric on S^''~^. Our main results 
are summarized in the following lemma: 



Lemma 3.14. The index bundle 



is trivial over the {6k— 7)-skeleton of Xsm{W). 

Lemmas 13.111 13.131 and 13.141 imply that a choice of a homotopy class of stable trivialization 
of the index bundle over the (6fc — 7)-skelcton of Xsm{W) induces homotopy classes of stable 
trivializations of the tangent bundles to each of J^(0/3), J-*{—f3), and A4*{f3). In the next section 
we describe how these trivializations interact near the Floer-Gromov boundary of J^(0/3). 

3.6. Coherent trivialization. Let C be a boundary puncture on dD. Consider the conformal 
map "01^ : D — C, ^ H ^ where H = {w — u + iv: v > 0} \s the upper half plane, 

which takes C to oo, iC to —1, and —iC, to 1. For i? > 0, consider the conformal map 

kr: [0,oo) X [0,1]^ H, kr{t + it) = i?e''(''+") . 

Let E{R) C H he its image. Let h he a metric on H which agrees with the metric du^ + dv"^ in 
the disk of radius 2, which agrees with the metric dr^ + dt^ in t + it coordinates on £'(3), and 
which interpolates smoothly between the two in the annular region E{2) — E{3). 

Thus ft, is a metric on H D — ( in which the boundary puncture has a neighborhood which 
is a strip like end. For 77 g R, let e,, : i7 — > R be the function 




, . for zeH-E{3), 

en(w) = < II (3.10) 

J ^ „r,lrl for u; = T + ite [0,00) X [0,1] «i;(3). ^ ' 

In Section we construct configuration spaces for punctured (Floer) holomorphic disks using 
weight functions as above with rj = 6 € (0,7r). The configuration spaces are now modeled on 
the direct sum of a weighted Sobolev space with two derivatives in and a finite dimensional 
space of cut-off constant solutions supported near 00. We denote the corresponding configuration 
space Xs and the corresponding Sobolev space of complex anti-linear maps which is the target for 
the 9-operator ys- The G^-structures on moduli spaces induced from Xg and X are canonically 
diffeomorphic. 

In this setting we introduce a linear gluing operation as follows. Recall that L is assumed 
real analytic and that J is standard near L. There is a natural map ev. Xg — >■ L which is 
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given by evaluation at the puncture. Let XgijP) denote the component of the space Xg with 
boundary in homotopy class j/S. Consider two maps ui g Xs{jil3) and U2 € Xs{j2P) with 
ev(ui) = ev(u2) = q € L. Then there is po > such that for p > po, [po, oo) x [0, 1] is mapped 
to a standard coordinate neighborhood of q. 

Write Hj K H , j = 1,2 for the domain of Uj, j = 1, 2. Here we think of the strip neighborhood 
of oo in H2 as [0,cx)) x [0,1], as usual. For simpler formulas we think of the neighborhood of 
00 in Hi (where 00 G iJi corresponds to the puncture ( £ dD) as (— oo,0] x [0,1]. Note 
that for both domains the weight function looks like e'^l'^', t + it £ [0, 00) x [0,1] for H2 and 
T + ite (-00,0] X [0,1] for H2. 

Let p > 2 and write 

Hup = Hi -{{-^,^p)x [0,1]), 

H2;p^H2-iip,(x) X [0,1]). 

Define 

HiifpH2 = {Hi,pUH2;p)/ ^, (3.11) 

where 

p + it ^ —p + it, — p + it £ Hi and p + it £ H2. 

Then -ffi#pi?2 comes equipped with a metric that agrees with the given metrics on Hi-p and 
H2.P (which are the standard Euclidean metrics on the strip neighborhoods of 00). Furthermore, 
Hijj=pH2 contains the finite strip region in the middle, 

[-p,p\ X [0,1] « [0,p] X [0,1] U [-p,0] X [0,1] C Hi#pH2. (3.12) 

Here the weight functions of Hi_p and i?2:p fit together to a weight function on H^pH2 given by 
T + iti~^ e^^\p\~\'^\^ for T + it £ [— p, p] x [0, 1], i.e. in the middle strip. 

There is a preglued map ui^pU2'. Hi^pH2 — >■ C", which agrees with Uj on Hj.p^i and 
interpolates between the two maps in the remaining square inside the standard neighborhood 
of q. Furthermore, both the Lagrangian boundary condition for the linearized operators D(dj), 
J = 1,2 of the two disks and the operators themselves match where they are glued and hence 
induce an operator D{dp) and a Lagrangian boundary condition along Hi^pH2- We will view 
this linearized operator as acting on the direct sum of a Sobolev space of C"-valued functions 
with two derivatives in weighted by e^- and which vanish at the point £ [—p,p] x [0,1], 
and a 2fc-dimensional space of cut-off constant solutions V^oi supported in [— p, p] x [0,1]. It is 
straightforward to check that 

index(i:>(ap)) = index(i:>(ai)) + index(7:i(92)) - 2fc. 

Since we are interested in index bundles we consider stabilizations of the linearized operators. 
More precisely, let D{d) © M.^ denote the operator D{d) augmented by a map ip-.R^-)- ys, 
where ij^^v) has compact support in the interior of H for any v. 

Let ui £ Xs{-(3) and U2 £ Xs{l3) and consider stabihzations D{di) © R^^ and 0(82) © M^" 
that are surjective. Then for p sufficiently large, since both ipj : — )■ ys map to elements with 
compact support in the interior of Hj, j = 1, 2, we get an induced stabilization D{dp)(BR^^ (BR^^ ■ 
Consider the further stabilization D{dp) © R^^ © R^^ © R^^ obtained by adding an extra copy 
of Vso\ ~ R^'' to D{dp) © R^i © M^^. In Section O we estabhsh the following resuff. 

Lemma 3.15. For all p that are sufficiently large, -projection gives an isomorphism 
ker(L>(9p) © M^^ © R^^ © R^'') = ker(L>(ai) © M^O © ^e^{D{d2) © M^'). 
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Lemma 13.151 implies that stable trivializations of index bundles on the two pieces of a family of 
broken disks induee a stable trivialization of the index bundle after prcgluing. We formalize this 
with a notion of coherence of trivializations. Write I*^ for the index bundle over Xs(jf3) and Ijp 
for its restriction to the subspace Xs{^',jl3) of disks with puncture at 1 G dD. Assume that, over 
sufficiently large compact subsets of the configuration spaces Xs, we have fixed stabilizations 
Z-fj of 11^; Zfj of 1/3, and Zq/s of Iq^ with properties as described before Lemma I3.15[ so in 
particular the corresponding families of operators are everywhere surjective. Consider a compact 
CW-complex Q with maps p: Q ^ Xs{—/3) and q: Q ^ Xs{l;/3) such that cvop = evi o g. 
Assume furthermore that the map p factors as follows: 

Q AxS^ Xs{-f3) = Xs{l; ~f3) x dD^ (3-13) 

where A is a compact CW-complex. Write PC: Q x [po,oo) — > Xs{0/3) for the map that applies 
prcgluing to the pair (p, q) and consider the pull-back bundle PC* Io;3 over Q. By Lemma 13.151 
we find that there are two stable trivializations of this bundle, namely those given by 

and PG*{Zo®Ztl), 

where Ztl is a fixed trivialization of TL. 

Definition 3.16. The triple of stable trivializations Z-i, Zi, Zq is {d! ,d)- coherent if the two 
stable trivializations p* Z'^^ © q*Zi and PG*(Zo © Ztl) are homotopic for all Q and A as above 
with dim(yl) < d! and dim((3) < d. 

The rather roundabout nature of Definition 13.161 has avoided needing to talk about transver- 
sality of fiber products. The key result, proved in Section [7l is then the following. As always, by 
a stable trivialization of a given index bundle we mean one over some sufficiently large compact 
subset. 

Lemma 3.17. Let d < 6fc — 7. For any stable trivialization Z*_^ o/Il^, there are stable trivial- 
izations Z\ oflp and Zq of lop such that (Z'^i, Zi, Zq) is {l,d)- coherent. 

Remark 3.18. Coherent trivializations refine the usual idea of "coherent orientations", but in- 
volving framings of the index bundles rather than of their associated determinant lines. The 
axioms satisfied by Givental's quantum ii'-theory, cf. [551 Proposition 11], also rely on a version 
of Lemma 13.151 to ensure that the virtual Euler characteristics of the 2-term perfect obstruction 
theories over moduli spaces of stable maps are compatible under degeneration. However, in the 
situations studied by Givental and Lee, the relevant index-type bundles are not stably trivial. 

3.7. Proofs of the main results. We prepare for the proofs by presenting two general lemmas. 
Let =s denote stable isomorphism of vector bundles E and F over a space X, so £' =s F if and 
only if the bundles E and F define the same class in KO{X). Let TiX denote the suspension of 
X, so EX = S^ AX. 

Lemma 3.19. Suppose X = U U V is a decomposition of a cell complex into two subcomplexes. 
Suppose E, F X are vector bundles with the property that E\ij =s F\if and E\v =s F\v . Then 
the obstruction to stable isomorphism of E and F over X is a class in the KO-theory of the 
suspension Y,{U H V). 



Proof. Immediate from the Mayer- Vietoris sequence in KO. 



□ 
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Lemma 3.20. KOiT.T'^) = Z2 Z2, with the summands detected by the Spin structure on the 
circle factors of . 

Proof. The suspension ST^ contains a wedge of 2-spheres, from suspending the 1-skeleton of 
the torus, and a 3-sphere, from suspending the 2-ceU of T^. The result then foUows from the 
Mayer- Vietoris theorem in iTO-theory. □ 

Proof of Theorem \l.l[ Consider the (stable) tangent bundle of B restricted to the pieces of B: 

(1) On J(0/3), TB ^lop. 

(2) In the collar on the boundary J\f x [0, 00) the tangent bundle is stably given by Ip + 

(3) Over the filling T, a fiber product over the union of solid tori V, the tangent bundle is 
stably given by TV + Ip ~TL. 

We compare the stably trivialized virtual bundles on the overlap of (2) and (3): 

1/3 + 11/3 - TL and TP + I/j - TL 
near the boundary of the fiber product 

VxlM*{(3). 

We fix trivializations of the summands and TL, and regard them as being extended trivially 
over T>. The remaining summands 11^ and TT> are both pulled back from a 2-dimensional torus 
inside Af, which brings us into the situation of Lemma l3. 191 with UOV ^ T^. More explicitly, the 

1- skeleton of Xsm (— /?) corresponds to the non-trivial loop in L, and the preimage of this 1-skeleton 
defines a torus T^^ in Xs^{—[3) x dD. Under evaluation into L, and in a suitable homology basis, 
exactly one of the two circle factors of this torus bounds. We pick a trivialization of the bundle 
11^ corresponding to the bounding spin structure on the bounding loop of T^^ and which is 
arbitrary on the non-bounding loop of T^^^. This trivialization gives a stable trivialization of TT> 
near the boundary of T>, which we claim extends to all of T>. Indeed, Lemma 13.201 implies that 
the only condition for this is that the spin structure on any bounding loop is bounding. 

Since k > 2, the space T{Q/3) has dimension 2fc -I- 1 < 6fc — 7. Lemma 13.171 then implies 
that there is a stable trivialization of TJ^(0/3) which is compatible with (meaning homotopic to) 
the stable trivialization induced by the triple index(/3), I^^ and TL near the outer boundary 
component Af. It follows that the stable trivialization over the collar region extends both to the 
Floer moduli space J-p„ (0/3) and to the capping space T, so we conclude that TB is stably trivial. 
Since dB = L ^ 0, stable triviality of TB implies B is parallelizable, cf. [231 Lemma 3.5]. 

It remains to show that if L bounds a parallelizable manifold then so does the original homo- 
topy sphere K. By construction, L was obtained from K by adding a 1-handle, so K may be 
obtained from L by adding a canceling 2-handle. There are two possibilities: the attaching circle 
of this 2-handle is trivial in i7i(S;Z2), meaning the circle mod 2 bounds, or it is non-trivial. In 
the former case the trivialization of TB along the attaching sphere necessarily corresponds to the 
bounding spin structure, and hence extends over the 2-handle. In the latter case, up to homotopy 
we may choose the trivialization of TB freely over the attaching circle, hence may choose it to 
correspond to the nuU-cobordant spin structure, and hence the trivialization extends over the 

2- handle in this case as well. It follows that K bounds a parallelizable manifold. □ 

The proofs of the corollaries use the following result. 

Lemma 3.21. Let M C C^*^ be a monotone Lagrangian submanifold PL-homeomorphic to x 
S^''^^ and of Maslov number 8k. Then there is a PL-isotopy (fit : C^*^ — )- C®'^ such that cf>o — id 
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and (j)i{M) = W' , the surgery on the Whitney sphere, and a homotopy of stable Gauss maps 
Tpt'. M ^ U jo such that tpa ^ Gm o,nd tpi = Gw' ° 4'i ■ 

Proof. The existence of (j)t follows from a repetition of the corresponding argument in Lemma 
13.131 The homotopy of stable Gauss maps can then be constructed as follows. Since 7r8fc_i(J7/0) = 
0, we can find the desired homotopy over {pt} x S^''~^. The Maslov number then allows us to 
extend the homotopy further over S^V S^''~^ . What remains is the extension over an (8fc + l)-ccll. 
Using the triviality of the tangent bundle we lift the map to U and use Trg,k{U) =0. □ 

Proof of Corollary \1.3[ Lemma 13.211 implies that the index bundles determined by L are homo- 
topically the same as those determined by W. The proof of Theorem 11.11 then shows that L 
bounds a parallelizable manifold. □ 

Proof of Corollary \1.4\ Recall that P = x S^^^^. Suppose that S is an exotic S/c-sphere with 
the property that 

(T*(I]#P),d0ean) = (T* P, dO,,,-,) 

are symplectomorphic when equipped with their canonical symplectic structures. Composing 
such a symplcctomorphism with a suitable translation in the r*S'^-factor of T*P = T*S^ x 
j'*gsk-i^ we obtain a symplcctomorphism T*(T,^P) x*P of vanishing flux, which is therefore 
Hamiltonian isotopic to an exact symplcctomorphism. It then follows that S#P admits an exact 
Lagrangian embedding 

cr: S#P ^ T*P 

in T*P in the homology class of the zero-section. Results of Abouzaid and Kragh imply that any 
closed exact Lagrangian in the cotangent bundle has vanishing Maslov class [25l Proof of Theorem 
E.2]. We now view W' « P ^ C^*^ as an embedded Lagrangian submanifold, via surgery on the 
Whitney sphere. By composing a with a conformal symplcctomorphism which radially shrinks 
the fibers, if necessary, we can assume that it has image inside the disk bundle D^{T*P) for any 
given e > (measured with respect to an arbitrary choice of metric) . By Weinstein's theorem, 
such small disk bundles embed symplcctically into C^*"', so wc obtain a Lagrangian embedding 

cr': S#P ^ C*^ 

Since cr had Maslov class zero, the Maslov class of cr' is obtained by restriction from the embedding 
De{T*P) C C**'^, hence I]#P C C^'^ has Maslov class Bk (equal to that of P = W). Corollary 
11.31 therefore implies that E bounds a parallelizable manifold, which (via Kervaire and Milnor) 
gives Corollary 11.41 □ 



4. Moduli spaces - set up and basic properties 

In this section we present the basic functional analytic set up for moduli spaces. Much of the 
material is standard and appears (with small variations) in many places, see e.g. jlO| . We are 
including it in order to make the C^-structures on moduli spaces, which are of central importance 
to our main results, maximally explicit. Proofs, however, will sometimes be sketched. 

Throughout this section we will write L C C" for a Lagrangian submanifold diffeomorphic to 
the mapping torus of the antipodal map (5*^ x S'"~^)#E, where S is a homotopy n-sphere, with 
minimal Maslov number n. We write /3 € 7ri(L) — Hi{L) = Z for the generator of Maslov index 
n. Note that the Lagrangian submanifold Lj^ in Lemma 12.41 constructed by Lagrange surgery 
from an immersion f : K ^ with exactly one transverse double point has the properties of 
L, with homotopy sphere S diffeomorphic to see Corollarv l2.8i and that in even dimensions 
the mapping torus is a product. 
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4.1. Geometric preliminaries. We discuss two constructions in tlic underlying geometry of 
1/ C C" tliat will simplify our functional analytic treatment of (Floer-)liolomorphic disks. Choose 
a real analytic structure on L. 

Lemma 4.1. Real analytic Lagrangian emheddings of L into C" are dense in the space of all 
Lagrangian emheddings. 

Proof. Consider a Lagrangian embedding 0: L -> C". Let a = </>*(2/ ■ dx). Then L admits a 
Legendrian lift into C" x (R/oZ) with contact form dz — y ■ dx. Furthermore, the lift is unique 
up to translation in the added circle direction. After arbitrarily small perturbation of (j), the 
projection 4'{L) — )■ M" x (R/oZ) is a front with front-generic singularities. Such fronts determine 
the corresponding Lagrangian emheddings uniquely (using yj = The fronts arising from 

approximations of the projection by real analytic maps L — > M" x (M/aZ) are still generic, hence 
give real analytic Lagrangian emheddings arbitrarily near 0. □ 

Let Bc^[rq) denote the ball of radius > around S C", and let Bsn{rq) = Bc^^rq) n M". 
If L C C" is a real analytic Lagrangian submanifold then any point q G L has a neighborhood 
{Wq,Lr\ Wq) C (C",i) that is bi-holomorphic via -0? to [Bic,^[rq),B^n[rq)). Furthermore, by 
compactness of L, we may take rq = r' > 0, where r' is independent of q. We will use the 
following notation below. Take < f < and define a product neighborhood oi q G L: 

Uq^iljq{BuAr)xiBu^ir))- (4.1) 

We next review a construction in [TOl Section 5.2]. Consider the restriction Tl{TL) of the 
tangent bundle of TL to the 0-section L C TL. Let Jl : Tl{TL) Tl{TL) denote the natural 
complex structure which maps a horizontal vector tangent to L C TL at g G L to the corre- 
sponding vector tangent to the fiber TqL C TL at G TqL. Using Taylor expansion in the 
fiber directions, it is straightforward to check that the inclusion l: L ^ C" admits an extension 
P: U — >■ C", where U C TL is a neighborhood of the 0-scction, such that P is an immersion 
with Jo o dP = dP o along the 0-section L C U. (Recall that Jq denotes the standard complex 
structure on C".) 

We next construct a metric g on a neighborhood of the 0-section in TL. Fix a Riemannian 
metric g on L. Let v G TL with 7r(w) — q. Let X be a tangent vector to TL at v. The Lcvi- 
Civita connection of g gives the decomposition X ~ Xh + Xy, where Xy is a vertical tangent 
vector, tangent to the fiber, and where Xh lies in the horizontal subspace at v determined by the 
connection. Since Xy is a vector in TqL with its endpoiiit at v G TqL we can translate it linearly 
to the origin G TqL; we also use Xy to denote this translated vector. Write nX E TqL for 
the image of X under the differential of the projection tt: TL — > L. Let R denote the curvature 
tensor of g and define the field g of quadratic forms along TL as follows: 

giv){X, Y) = g{q){'KX, irY) + g(<7)(X^, F^) + g{q){R{nX, v)tiY, v), (4.2) 

where v G TL, tt{v) = q, and X,Y e T^{TL). 

Lemma 4.2. There exists d > such that g is a Riemannian metric on {v G TL: g{v,v) < S}. 
In this metric the 0-section L is totally geodesic and the geodesies of g in L are exactly those of 
the original metric g. Moreover, if ^ is a geodesic in L and X is a vector field in T{TL) along 
7 then X is a Jacobi field if and only if JlX is. 

Proof. This is [ini Proposition 5.3]. □ 

Consider the immersion P: U ^ C", where C/ is a neighborhood of the 0-section in TL, with 
Jo o dP = dPo Ji. The push forward under dP of the metric g gives a metric on a neighborhood 
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of L in C". Extend the metric g to a metric, still denoted g, on all of C" which we take to agree 
with the standard flat metric on C" outside a (slightly larger) neighborhood of L. We write 
exp : TC" C" for the exponential map in the metric g. Since L is totally geodesic for g, exp 
takes tangent vectors to L to points on L. 

4.2. Configuration spaces for closed disks. In this section we describe a Banach manifold 
set-up for the study of (|3.4p . and derive basic properties of the solution spaces. We point out 
that if Xh = 0, the operator in the right hand side of (|3.4[) reduces to the standard 9-operator, 
du^'^ — du, whose solutions are J-holomorphic disks. Our framework covers the cases Xh — 
and Xh simultaneously. 

Consider the unit disk D G C with the standard metric and let 7^, r e [0, oo) and H be as in 
Section [5?T] Let C") denote the Sobolev space of C"-valued functions with s derivatives 

in with the Sobolev s-norm (viewed as a vector space over R). More specifically, we consider 
the closure in the s-norm on D of functions that extend smoothly to the double of D. We write 
7^*(i9D,C") for the Sobolev space of functions on the boundary dD with respect to the induced 
metric. If s > ^ then there is a continuous restriction (or trace) map 

Recall that elements in 'H''(£',C") (respectively H''(9£',C")) are uniquely represented by C'- 
functions, where I is the largest integer such that I < s — 1 (respectively such that Z < s — i). 

The metrics on D and on C" give metrics on all bundles of C"-valued tensors on D. Let 
}lom{TD,C") and }lom"'^{TD,C") denote the bundles over D with fiber at z € D equal to the 
space of linear maps T,_D C" and (i, J)-complex anti-linear maps T^D — )■ C", respectively. We 
write n-'iD, llom{TD, C" )) and WiD, llom"'\TD, C")) for the Sobolev spaces of sections with s 
derivatives in of the bundles indicated. We will also use the subspace H^D, Rom"'\TD, C")) 
of sections that vanish on the boundary: 

n^{D,Rom°^\TD,C'')) = {A e n\D,Uom^'\TD,C'')) : A\9d ^ 0} ■ (4.3) 

The configuration space for dSH) is the subset X C H'^{D,C'") of aU u e H'^{D,C'') that 
satisfy the following conditions: 

(1) ulooiz) eLdU' for ah z e dD. 

(2) {du)^'^\aD = e nHdD,}lom°^\TD,C'')). 

Lemma 4.3. The subset X C 'H^{D,<C") is closed and is a Banach submanifold. The tangent 
space TuX at u is the subspace of vector fields v £ 'H^(-D, C") that satisfy 

(1) v{z) e Tu{z)L for all z e dD and 

(2) (Vw)0^i|ai5 = e nHdD,Rom"'\TD,C'')), 

where V denotes the Levi-Civita connection of the metric g, see Section \4-.l\ Furthermore, the 
map Exp: TuX X, 

[Exp(u)](z) = exp„(^)('(;(z)), z e D, 
gives local -coordinates near u when restricted to v in a sufficiently small ball around G TuX . 

Proof. This is a simpler version of [TU Lemma 3.2] (see [TUl Proposition 5.9] for the details of 
the standard argument alluded to there). □ 

The connected components of the space X are in 1 — 1 correspondence with tt2 (C" ,L) = Hi{L). 
For j £ Z, we write X{jP) for the connected component of all u G X such that the continuous 
loop u\gD represents the class j ■ p. 
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The target space for the operator in p.4p corresponding to is 3^ = 'H^{D, llom'^'^{TD, C")). 
Consider the operator corresponding to the Floor equation, dp: X ^ y, 

Bpiu) = (du + 7r (g) 

where r S [0,oo) and write d-p-jjs = dF\x{jj3)- 

Lemma 4.4. The map dp-jp is a Fredholm map of index 

ind((9F;j73) = n{l+j), 
which depends smoothly on the parameter r e [0,oo). 

Proof. The hnearization of dp is 

D{dp) = dv + Kv, 

where v € TuX C 'H'^{D,C^) and where the operator K is compact. The Lagrangian boundary 
condition is the loop Tu(^^^L, z € dD which has Maslov index jn if u G X(j/3). The lemma 
follows from the well-known index formula for the ^A-operator on the disk with n-dimensional 
Lagrangian boundary condition A(z), z G dD of Maslov index /i(A): ind(9A) = n + /i(A). □ 

Let J-^'{jf3) = 9p^^p{0), with r the parameter of the Hamiltonian term in the operator. Let 

= U -^'^073) X {r} C Afx[0,oo). 

re[0,oo) 

In the case of trivial Hamiltonian term, i.e. when Xh = 0, we write d instead of dp; the solution 
space d~^{0) C X consists of J-holomorphic disks, and carries an action of the group G of 
conformal automorphisms of the disk. We write 

M{jl3)=J'°UP)/G (4.4) 

4.3. Basic structure of moduli spaces. In this section we collect standard properties of 
moduli spaces of Floer disks that follow from Floer-Gromov compactness and transversality. 
Since the moduli spaces A^(j/3) of holomorphic disks are defined as quotients, in order to get a 
C^-structure we need to fix gauge. To this end we start with a discussion of marked points. 

Consider an element ii in Ai{l3) represented by a map u: {D,dD) — )• (C",i). Since u is 
non-constant, u\dD is non-constant and there exists an arc A C dD where u\dD is an immersion. 
Fix a codimension 1 hypersurface T C L such that u(C) G T, du{() ^ and with T transverse 
to u at w(C), for C in some finite subset C C dD. Explicitly, we take T = Ti U r2 U to be 
three smah disjoint (n — l)-disks intersecting u|a£i transversely at w(Ci), "(C2): s-^d ""(Cs)- Write 
ut = u o (p where </>: D — > _D is the unique conformal map such that </)(!) = 4){i) = C2, and 
(/)(— 1) = C3. For simpler notation write Ci = 1, C2 = and C3 = —1. 

Then there is a neighborhood W{ut) C X{fi) such that any w € 9~^(0) n W{ut) intersects 
Tj transversely at a point G dD close to Cj, j = 1, 2, 3. To see this, we observe that the norm 
in X{j3) controls the C^-norm which in turn controls all other norms for holomorphic functions. 
In particular, by shrinking W(ut) we infer that w is arbitrarily C^-close to u, and hence a 
neighborhood as claimed exists. We obtain local coordinates on an open set of M.{I3) around u 
by identifying the neighborhood with 

d-\Q) n {«; e W{ut) : w{Q) € T,, j = 1, 2, 3}. 

Since all holomorphic disks in W(ut) meet Tj transversely, the action of the conformal group G 
of D is transverse to the second factor of the intersection, so provided d is itself transverse near 
u we get a C^-smooth chart. 
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Wc next consider coordinate changes. Thus let T and T' be two collections of hypersurfaces 
as above. On the overlap of the corresponding open subsets, the coordinate change is given by 
the reparametrization wt = wt' ° (t>, where (p: D D is the unique conformal automorphism 
of D such that (/)(Cj) = Cj^ where C,'^ are points such that WT{Cj) £ Tj. To see that this gives 
a C^-map wc simply note that the C^-norm of the location of the marked points is controlled 
by the C^-norm of ut which in turn is controlled by the norm in X{/3) since the functions are 
holomorphic. More specifically, let u: D C" be holomorphic with 1}) ^ T' and 

suppose u intersects T' transversely at the points ^1,^2,^3- Then there exists (j) G such that 
it u ^ uo (f) then u{{l, i, —1}) S T'. Note that the derivative of the ^j-component of the inverse 
map in direction of the gauge orbit has components 



dv 



where v is the normal of T' at it(^j) and where v is the vector tangent to the boundary at ^. 

In conclusion we find that transition functions are smooth; picking a finite cover of the compact 
Hausdorff space A^(/3) we get a C^-smooth structure. Note that the argument used to show that 
transition functions are smooth, in combination with the existence of a common refinement of 
any two finite covers, shows that the C^-structure is independent of the cover. 



Lemma 4.5. For a generic almost complex structure J € J7l on C", the moduli spaces M{jf3) 
are empty for j < 0, A4{0/3) consists of constant maps, and A4{l3) is a compact -manifold of 
dimension 2n — 3. 

Proof. The first and second statements hold since the symplectic area of a curve in class j(3 is 
negative when j < and zero if j ~ 0. For C^-smoothness of A^(/3), given the definition of the 
C^-structure above, we need only show that the linearization D(d) is generically surjective. For 
disks in primitive homology classes, this is due to Oh |33j . Finally, by Gromov-Floer compactness 
the space A^(/3) is compact modulo bubbling. The homology classes of the disks in a bubble tree 
must sum to /3, but each disk lies in homology class j > 0. Therefore the bubble tree must 
be trivial and the space is compact. □ 

For the perturbed equation the smooth structure of moduli spaces is more straightforward, 
and we have the following result. 



Lemma 4.6. For generic Hamiltonian and for an almost complex structure J G J7l on C" for 
which Lemma \4-5\ holds: 

(1) The moduli space J^(0/3) is a transversely cut out [n + l)-manifold with boundary. Its 
boundary is canonically dijjeomorphic to L, dT{0j5) ~ T^{QI3) = L, viewed as the space 
of constant maps into L. 

(2) The moduli space /3) is a transversely cut out closed manifold of dimension 1. 

(3) The moduli space J^{j/3) = for j < 0. 

Proof. The transversality properties follow from standard arguments perturbing the Hamiltonian. 
It remains to show the compactness statements. It follows from Gromov-Floer compactness that 
/3) is compact up to bubbling of holomorphic disks. By transversality, any bubble must lie 
in Ai{j/3) for j > 1, which implies that the Floer disk in the limit lies in ^{1/3), I < —1; but 
these spaces are empty, so T{~I3) is compact. □ 

It is straightforward to include a boundary marked point on solutions. First we consider a 
version of the moduli space J^{jf3) with a marked point on the boundary. Write J^* (j/3) for this 
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space and note that it is a produet: 

-^*(j/3)=-^(j/3)x9D, 

where the first factor encodes the map and the second the location of the marked point. In 
particular, the C-^-smooth structure of ^(j73) gives a C-^-smooth structure on Also, 
there is a natural smooth evaluation map ev: — > L, 

Second we consider the space M*{/3) which is a version of A4{l3) with a marked point on the 
boundary. More precisely, let Gi G G denote the subgroup consisting of conformal automor- 
phisms of D that fix 1 G dD, and define 

Again there is an induced C^-smooth structure and a natural evaluation map ev: j\4*{/3) — > L, 

ev(u) = 

The following result describes the broken disks which arc added to compactify J^(0/3). 

Lemma 4.7. For a generic Hamiltonian and almost complex structure J e J7l the boundary of 
J- (0/3) in the Gromov-Floer compactification consists of two-level broken curves, with top level 
(ui, C) G •^*(— lower level U2 ^ Ai* {P) , and with ev{ui,C) = ev{u2)- 

Proof. The non-compactness of comes from holomorphic disks bubbling off at boundary 

points. By Lemma [4.61 the only possible bubble is one holomorphic disk in M.{I3). This implies 
that the other component of the broken configuration is a disk ui e IF[~j3). The marked point 
C, € dD is the point where the holomorphic disk is attached, and by our definition of marked 
points for holomorphic disks, the domain D of the holomorphic bubble disk is attached at 1 G dD 
to the domain of ui at C,. □ 

Remark 4.8. As we shall sec later, the Gromov-Floer boundary is diffcomorphic to the (gener- 
ically) transverse fibered product 

Xi M*{p) = (ev X ev)-i(AL), 

where A^, (Z Lx Lis the diagonal. This identification follows from a gluing result which uniquely 
constructs all unbroken Floer disks near any broken configuration. The identification can be 
studied with various degrees of accuracy: one can view it as a C°-statement and obtain the 
compactification as a topological space, or one can carry out the gluing more carefully to identify 
the compactification as a C^-manifold with boundary. Schemes for carrying C^-data in gluing 
problems were worked out in |17| and }20j in more complicated situations. In the terminology 
of [20], the gluing problems studied in the present paper can be phrased in the language of 
M-polyfolds. We will present a C^-idcntification in Section [6] below. 

4.4. Configuration spaces for disks with punctures and jet-conditions. In this section 
we present a functional analytic setting for describing disks with one boundary puncture, which 
we will use in our description of the boundary of the space of Floer disks J^(0/3). In fact, our 
description uses jet-conditions at the puncture and we present a set up for higher jet conditions 
that does not require imposing higher regularity conditions on the maps in the configuration 
space. Many constructions are similar to those in Section |4?2] and some of the details from there 
will not be repeated here. 

Let C S dD. In Section [3^ we identified [D, C) with the upper half plane {H, oo), constructed 
a half strip neighborhood of oo in 77 and introduced a weight function depending on a real 
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parameter 77 and given by e''''^' for t + it in the half strip neighborhood [0,oo) x [0, 1] around 
00. For s > 0, we write HfjiD — C, C") for the weighted Sobolev spaee of C"-vahied functions 
with s derivatives in weighted by e^, with the weighted Sobolev s-norm. More specifically, 
we consider the closure, in the weighted s-norm on D — ( H with respect to the cylindrical 
end metric h weighted by . of functions that extend smoothly to the double of D — 

In parallel with Section |4?2| we will also use the Sobolev spaces Hfj{dD — CjC") of functions 
on the boundary with respect to the metric induced by h and weight induced by e,j. Again, if 
s > i, there is a continuous restriction map 

H:^{D - C, C") ^ nt^'hdD - C, C"), u\9D-c- 

Furthermore, we use the spaces ^^(1) - C, Hom(ri:», C")), (£» - C, Hom°'i(TD, C")) , and 
{D - c, Hom°^\ri:>, c")) , which are defined in analogy with the corresponding spaces in 
Section m using the metric h and weight e^. 

We next construct Banach manifolds that we use to build configuration spaces for punctured 
Floer disks. Fix 77 > and let g e C". Write H^^iD - (,C"-;q) for the afhne Sobolev space 
modeled on the vector space HfjiD — C, C") with origin shifted to q. More formally, let q denote 
the constant function on Z) — ^ with value g G C". Then elements u G Hf^iD — C,C";g) are 
functions of the form u = u' + q where u' G Hf^iD — C"), and the distance between ui and U2 
is — M2||s;?7, where || • is the norm in V.^iD — C,C"). 

Let q G L and consider the subspace Xjj{(,q) C 'H'^{D — (^,C";g) of aU u which satisfy the 
following conditions: 

(1) u\QD^ciz) G i C C" for all z e dD - C- 

(2) (duf'^loD-c = G ^1(9/? -C,Hom°'i(ri?,C")). 

Lemma 4.9. The subset <%'^(C, q) C H^^iD — C"; q) is closed and is a Banach submanifold. The 
tangent space TuXj^{C,Q) o-t u is the subspace of vector fields v G Hl^iD — CiC") such that 

(1) v{z) G Ty^(^z}L for all z G dD — ^ and 

(2) (Vi;)0'i|aD-c ^OenHdD- C, Hom"^i(Ti^, C")), 

where V denotes the Levi-Civita connection of the metric g, see Section \4-. 1\ Furthermore, the 
map Exp: TuX^{C,,q) Xjj{C,q), 

[Exp{v)]{z) = exp„(^)(w(2)), ze D-C, 

gives local -coordinates near u when restricted to v in a sufficiently small ball around G 
TuX.,^[C„q). 

Proof. As with Lemma this is a simpler version of [T^ Lemma 3.2]. □ 

The connected components of A'^(C,g) are in 1 — 1 correspondence with 7r2(C"',L) = Hi{L), 
and for j G Z we write Xjf{jl3; C,, q) for the connected component of all u G Xjj{(^, q) such that the 
continuous loop given by the arc completed with the point q represents the class 

Our basic configuration spaces for punctured Floer disks are built by patching together func- 
tions in the Banach manifolds 5). To this end we first describe certain cut-off functions. 
Consider q E L and the neighborhood Uq of q, see (|4.ip and use notation as there. Let 
a: [0, r] — >■ [0,1] be a smooth decreasing function such that a equals 1 on [0,^] and equals 

outside [0, and let b: [—r,r] — > [~T5on' TSon] ^'^ ^ function which has derivative equal to 1 
at and which equals outside [— j^q, j^q]- Use coordinates z = x -\- iy on C"' , x,y G W\ Let 
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a{x) = a{\x\)^ and define the the cut off function : t/g — > C as follows 

da 
dx 



aq{x + iy) = a{x)a{y) + i ^ ^^(%)- (4-5) 



Lemma 4.10. The function aq has the following properties: 

(1) aq equals 1 on _BRn(|) x iB^n(^), 

(2) aq equals outside -BRn(|) x z_BRn(0. 

(3) Ofq zs real-valued on UqH L 

(4) Qfg zs holomorphic, da + i o da o J — 0^ along L HUq. 

Proof. Straightforward. □ 

By (2) we extend aq smoothly by to all of C". It then follows that it has properties (3) and 
(4) with Uq replaced by C". 

We next define a family of diffeomorphisms parameterized by L x _BRn(ro). For z € Uq write 
w = 'ijj-^iz) and define $g[co] : (C", L) ^ (C", L) as follows: 

$,N(z) = |" forz^Uq, ^^g^ 

I V'g + a{w) ■ Co) for z £ Uq. 

Then $q [cq] is a diffeomorphism for ro > sufficiently small and it follows from Lemma 14.101 
that <&g[co] is holomorphic along L. Now fix 77 > and consider the bundle 

X,^{dD,L) dDx L, 

the fiber of which at (C, q) G dD x L equals q). As we shall see, this bundle is a C-'^-smooth 

locally trivial bundle and in particular the total space of the bundle is a Banach manifold. 

We construct local trivializations using the diffeomorphisms of (|4.6p and use notation as there. 
Let Vp = '0p(i?R" (rg)) C L and let A be an arc around C G dD. Define the trivialization 

4>: AxVpX X^iCq) X,^{dD,L) 

as follows: 

<j^{C,q',u){z) = ^q[i^-\q')] [u (f z)) . (4.7) 

It is straightforward to verify that coordinate changes are C^-smooth. We will sometimes also 
consider Xrj{dD,L) as a bundle over dD, composing the bundle projection to dD x L with the 
projection dD x L ^ dD, and we write 

X^{L)=Xr,{dD,L)\ie9D- 

Furthermore, we will consider the sub-bundle Xri{j(3;dD,L) with fiber over {(,q) equal to 
Xrj{jl3;C,,q) and the corresponding sub-bundle Xjj{jl3;L) of A'^(L). Similarly, we let 

3^r,(C) - nl,{D - C,HomO'i(Ti^,C")), 

and define y,f{dD) as the bundle over dD with fiber over ( equal to y,j{C) and write y,j ~ 3^i;(l)- 
We define C^-smooth local trivializations using re-parametrization as above. 

We next construct configuration spaces for disks with jet conditions at the boundary. Let 
J™{dD, L) denote the space of m-jets of maps dD — > L. This map fibers over the 0-jet space 
dD X L with fiber ^^{L) over (C, q) G dD x L equal to (R")™, with components corresponding 
to the coefficients of the Taylor expansion. Thus, in local coordinates M on dD around ( and R" 
on L around q, the element c = (ci, . . . , Cm) represents the m-gcrm of the map 

t^Clt + C2t'^ + hCmi™. 
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We write J"^{L) for the fiber of J"^{dD,L) over 1 G dD, so that J™{L) fibers over L with fiber 
(R")"*. Let tt: r'{dD,L) dD x L denote the projection and fix S with < 5 < tt. The 
configuration spaces for punctured disks that we will use are the following: 

X^^+siJ'^idD, L)) = TT*X^^+s{dD, L) (4.8) 

and 

A'™.+5(J™(i)) = X„,^+s{J"'{dD, L))|igaD. (4.9) 
In order to use Xrmv+s{J™{dD, L)) as configuration spaces for Floer type equations we will 
associate Sobolev functions to its elements. To this end we fix a smooth family of smooth maps 
parameterized by dD x J™[L). More precisely, for (C, q) ^ L and c G define a map 

c] : D — ( ^ Uq with the following properties: 

(1) Vq[C,c]idD^C)(^L, 

(2) Vq[(, c]{dD — C) is holomorphic on the boundary, and 

(3) there is p > such that in the strip neighborhood [p, oo) x [0, 1] of the puncture we have 
(in ?7q-coordinates) 

m 

^;,[C,c](z) = ^c,e-^-^ (4.10) 

i=i 

It is clear that there is a smooth family of functions with these properties. We then define 

: X^^+sir'^idD, L)) ^ Xs{dD, L) (4.11) 

fiber wise as follows: 

Vf^i^Kz) = U{Z) + aq{u{z)) ■ Vq[(:-C]{z), 

where the addition refers to standard addition in the C"-coordinates of Uq (note that aq is 
supported well inside Uq). 

We consider the Floer equation for punctured disks in the setup described above. Fix < (5 < tt 
and an integer to > 0. We start with the case of bundles over the 0-jet space. Let r G [0, cx)) and 
consider the 9£)-bundle map d-p- X„nr+s{dD, L) ymTr+s{dD), 

dF{u) ^ (du + 7r «) ^ff )°'\ 

and write dp-jp = dF\xm„+s{ji3;dD,L)- As in Section |4.2[ in cases when the Hamiltonian term 
vanishes we write d instead of dp and we take the puncture to be fixed at 1 G dD. 

Lemma 4.11. The map d-p;j/^: A'mT+(5(i/3; d ^) ~^ ym-n+siC) o, Fredholm map of index 

ind(aF;j/3) = n(l + j - to), 
which depends smoothly on C, & dD and r G [0, oo). 

Proof. The proof is a modification of the proof of Lcmma [4.4l The index of the linearized operator 
equals the index of the ordinary i9-opcrator with positive exponential weight at the puncture C, 
and with Lagrangian boundary condition the loop Tu[z)L, z G dD, which has Maslov index jn if 
u G Xm-n+s{j P'l dD, L). The positive exponential weight lowers the index by n ■ (m + 1) (in terms 
of spectral flow we pass the to + 1 eigenvalues 0, tt, . . . , tott of the asymptotic operator). There is 
an additional n-dimensional contribution to the index from the directions spanned by L in the 
domain. We find that the total index equals n + jn — (to + l)n + n. □ 

Consider next the bundles over jet-spaces. Define 

df^ : A'„„+,-(J"(aD,L)) ^ y„,^+s{dD) 

as the composite 
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where : J™(L)) Xs{dD, L) is the map in (gUI]). Note that it follows from the defi- 

nition of that d'^^^ {u) lies in the target space with weights as claimed: the function added to u 
in (|4.1ip is holomorphic in the strip like end. We write 9^^^ for d^^\xrr,^+s{J"'{3P;dD,L))- Follow- 
ing our usual practice, we write and Sj™'', dropping the subscript F when the Hamiltonian 
term vanishes. 

Lemma 4.12. The map S'jJ!^^^ : (%',„^+5( J'" (C, L)) — > ym-ir+siC) Fredholm map of index 

ind(a'™?,)=n(l+j), 
which depends smoothly on £ dD and r G [0, oo). 

Proof. This is a consequence of Lemma 14.111 with the mn dimensions added in the domain 
corresponding to the fiber-dimension of J"^{dD, L) — > dD x L. □ 

We next show that for any m, if denotes the 0-section, the solution spaces (9^™^)~-^(0) are 
C^-diffeomorphic to the moduli spaces of disks with marked points discussed in Section |4?2] We 
first describe the smooth structure on the moduli space in the case of vanishing Hamiltonian. 
Recall that in this case we take the puncture fixed at 1 S dD. The definition of the C^-structure 
on (9^™^)~^(0)/Gi parallels the corresponding definition for M in Section and we give only 
a brief sketch. 

We use hypersurfaces T ^ T1UT2 that intersect a representative of a class transversely to 
fix gauge locally. (Note that only two marked points are now needed since the puncture is 
fixed by Gi.) The moduli space has a finite cover of such charts. To check that transition 
functions are smooth in the topology induced from the ambient configuration space, we must 
control the effect of conformal automorphisms on punctured disks. We thus consider the effect 
of moving the location of the auxiliary marked points on a punctured disk. Identify the domain 
of a punctured holomorphic disk u with the upper half plane H, with puncture at 00 that will 
be fixed throughout and two marked points from intersections with hypersurfaces at —1, 1. If 
Ci,C2 G 9H are intersection points with hypersurfaces arising from some other chart, the point 
corresponding to u is w o i^, where 0: _ff — > iJ is the unique automorphism with (/)(1) = Ci 
(/)(— 1) = C,2- Any such (/> is a composition of a translation, keeping the distance between the 
marked points fixed, and a scaling, keeping one of the marked points fixed and moving the other. 

A translation by a real constant c in the upper half plane gives the coordinate change (j)c{w') = 
w + c on H. In the cylindrical ends, setting w = e^^ and w' = e^^ , the corresponding change of 
coordinates is 

z' = z + - V(-l)"+ln-lc"e""'^^ (4.12) 

n>0 

which induces a C^'^-diffeomorphism of the charts. To move only one of the punctures, we may 
assume that the other one is at S dH via the above, and then scale by a real positive constant 
<7j.{w') = rw. The corresponding coordinate change in the cylindrical end is then given by 

z' = z + logr, (4.13) 

which again induces a C^-diffeomorphism. After these preliminaries we state the result that 
relates disks with and without punctures. 

Lemma 4.13. For a generic non-trivial family of Hamiltonians we have, for j e Z, 

(5Sr'(o) :f*{jP). 
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For trivial Hamiltonian we have, for j G Z; 

Proof. The operator F agrees with the standard 9-operator in a neighborhood of the boundary. 
Using [/^i(^)-coordinates, C, G dD, we have solutions near ( in the closed disk model (which we 
think of as the half plane around 0) given by their Taylor expansion 

fc>0 

The corresponding Fourier expansion for a strip like end, z = e~'^™, is 

k>0 

where Ck G R", fc > 0. The Taylor coefficients of a holomorphic function are controlled by and 
control the |j • ||2-norm; similarly, the Fourier coefficients cj, j > 0, are controlled by the || • ||2;<5- 
norm, whilst cq is controlled by the topology of L. It follows that the natural map is with 
respect to the topologies induced from the ambient spaces. □ 

5. The Floer-Gromov boundary of T{0/3) 

It follows from Lemma [4.71 that the Floer-Gromov boundary of J-{0f3) is the fibered product 

Af = T*{-P) XLM*il3). 

In this section we show that J\f is an orientable C^-manifold for generic data, and then we consider 
gauge fixing of the second factor in broken disks that arise as limits of sequences of smooth disks 
in T{0I3). 

5.1. Transversality for fibered products. By Lemma 14.61 is an orientable closed 

1-manifold and consequently 

= J"(-/3) X dD 

is a union of tori. As mentioned above there is a natural evaluation map 

ev: -> i, ev(w,C)=M(C)- 

As explained in Section l373l we will use a filling of J^* (/?). Thus let P be a collection of solid tori 
such that dV = and let ev: I? — > L be an extension of ev: F*{—I3) — > L that is constant 

in a small collar neighborhood of the boundary. 

Lemma 5.1. For a generic family of Hamiltonians and almost complex structure such that Lemma 
\4-6\ holds, the map 

ev X ev: J"*(-/3) x M*i(3) L x L 
is transverse to Al and consequently Af is a -smooth orientable manifold. 

Proof. Standard arguments show that for generic H and J the map 

F : Xsi-I3; dD, L) x [0, oo) x Xs{l3; L) ys^OD) x ys x L x L, 

given by 

where pr^ denote the bundle projection into L, is a Fredholm map of index 2 + 2n — 2n = 2 
which is transverse to the product of the 0-sections and the diagonal. The fibered product is then 
Af = F^^{Al)/Gi, where Gi acts on the second factor, and is an orientable n-manifold. □ 
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Lemma 5.2. For a generic family of Hamiltonians and almost complex structure such that Lem- 
mas \4-()\ and \5.1\ hold, and for a generic extension cv: 2? — > L, the map 

ev xcy:V X M*{I3) ^ L X L 

is transverse io and consequently T is a smooth orientahle manifold with dT = M . 

Proof. Standard arguments show that for generic I?, after small perturbation of H and J. the 
map 

F: P X Xsil3;L) -> ysidD) x L x L, 

given by 

F(mi,-U2) = (5/3(M2),ev((5),ev(M2)) , 

is a Fredholm map of index 3 + 2n — 2n = 3 which is transverse to the product of the 0-scction 
and the diagonal. The fibered product is then T = F~^(Ai)/G'i, where Gi acts on the second 
factor, and is an orientable (n + l)-manifold with boundary equal to the fibered product over 
dV, which is Af. □ 



Remark 5.3. The C^-structures of J\f and T are defined through finite open covers, in analogy 
with definition of the C^-structure of Ai*{f3), to take account of the quotient in the second factor 
by the group Gi of conformal automorphisms. 

In order to find a C^-collar neighborhood of the Gromov-Floer boundary of J-"(0/3) we will 
require more detailed information on Af. We write elements ^ S as ^ = ((wi,C),U2), where 
(wi,C) e -^*(-/3) = J^i^P) X dD and U2 G M*{I3) and where ev(tii,C) = ev(M2). Recall that 
ev(w2) = ^2(1) and define 

A/'o = {eeAA:du2(l) = 0}. (5.1) 



Lemma 5.4. For a generic Hamiltonian and almost complex structure such that Lemmas \4.6] and 
I5.il hold. Ao is a transversely cut out 0-manifold. Furthermore, for any ^ = {{ui,(^),U2) G A/q, 
the second derivative of U2 at the marked point satisfies (i^^^U2(l) 7^ 0. 

Proof. Consider the map 

G: Xsi-f3;dD,L)x[0,cx^)xX2^+sW;J^{L)) ys{dD) x y^^+s x L x J^{L), 

where 

G ((ui,C), (W2,C2)) = (^aF;_/3(ui),9^(M2,C2),ev(ui,C),prj2(L)(u2,C2)) . 

This is a Fredholm map of index 2 + 2n — 4n = 2 — 2n. Consider the preimage of the product of 0- 
sections and the subset of L x J^{L) over with first derivative component in J'^{L) equal to 0. 
Generically the solution space has dimension 2 — 2n + 2n = 2. The 2-dimensional automorphism 
group Gi acts on the holomorphic component and it follows that Aq is a transversely cut out 
0-manifold. For the statement on the second derivative we consider instead the inverse image 
of the product of 0-sections and the subset of L x J^{L) over A^, with both first and second 
derivative equal to 0. Here the formal dimension equals 2 ~ n and we conclude that the locus is 
generically empty, as claimed. □ 

Similarly, define 

ro = Uer:d«2(l)=0} (5.2) 
The corresponding result in this situation is the following: 
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Lemma 5.5. For a generic Hamiltonian and almost complex structure such that Lcmmas \4.6] and 
\5.^ hold. To is a transversely cut out 1-manifold. Furthermore, for any ^ — ((wi, 0,7/2) G To, the 
second derivative of U2 at the marked point satisfies (i(^'u2(l) 7^ 0. 

Proof. Straightforward modification of tire proof of Lemma 15.41 □ 

5.2. Gauge fixing. We describe normal forms for elements in J\f near the point of intersection of 
the two constituent disks. Consider a pair ((mi,C),M2) & x that contributes to A^, 

i.e. such that tti(C) = M2(1)- In holomorphic coordinates (C",R") centered at ■tii(C) S L C C", 
the disk U2 has a Fourier expansion of the following form, for z S [p, 00) x [0, 1]: 

«2(^) = 5]c„e-"^^ (5.3) 

n>0 

where c„ G M". If ((wi, C)? ""2) <= A/q then ci = and C2 7^ and if {{ui, C), "2) lies outside a fixed 
neighborhood of Aq then |ci| > 5 > for some 5. 

Consider small nested balls B{ui{Q;e) C B{ui{C,)\2e) around ui(C) in L and a holomorphic 
disk U2 e A^*(/3) represented by U2: {H,dH) — > (C",i) with -^2(00) = iti(C)- Then for any 
parameterization ■W2'. {H,dH) — >■ (C",L) of a holomorphic disk W2 G 7W*(/3) in a small neigh- 
borhood of U2 , there is a unique smallest interval /2c C dH containing the puncture 00 such that 
W2{hc) C i?(2e; ui(C))- We consider points in he which map to dB{e]Ui{C,)) and we call them 
(e, (ui, C))-points, where (ui, Q G J^*{—(3). Fix a metric on the closed manifold A4*{l3) and write 
V{u2;S) for the ^-neighborhood of U2 S M*{(3). 

Lemma [5.41 implies that Aq is a compact 0-manifold and thus pr2"^(Ao) is a finite set. We 
write 

W2'm={ul...ul^} 

and for J > we let 

F(<5) = U^("2;'5)- 

i=i 

Lemma 5.6. For e > sufficiently small, there exists Si > do > such that V{u2]Si), j = 
1, . . . , TO are mutually disjoint and such that the following hold for all (wi, C) S /3); 

(1) If U2 G pr2^"'"(A/') — V{Si) and ev{u2) = ev{ui,() then U2 has exactly 2 (e, {ui,C)) -points 
in l2e, one in each component of he — {00}, and the corresponding intersections with 
9B(u2(C);e) ire transverse. 

(2) If U2 G V{6i) — V{5o) and ev(ii2) = ev(wi,C), then there are 4 (e, [ui^Q))- points in he, 
one in one of the components of he ~ {00} and three in the other, and the corresponding 
intersections with dB{u2{C)]e) are transverse. 

(3) If U2 € V{5o) for some j = \,...,in and ev(it2) = ev(ui,C); then there are 2, 3, or 4 
(e, C^j-points in he, one in one of the components of he ~ {00} and all others in the 
other component, and the two intersection points with dB{u\{C,)] e) most distant from 00 
are transverse. 

Note also (5i — > as e — > 0. 

Proof. This follows immediately from (|5.3p . □ 
Fix < So < Si such that Lemma [5.61 holds, and consider the following two open sets of A/": 
t/'^s = {( = {{uuO,U2) GN:u2i V{So)} , (5.4) 
[/-ng = = ((«i, C), 7^2) eN:u2e V{Si)] . (5.5) 
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Using the exponential map exp: TL — !■ L of a Riemannian metric on i, we may identify the 
disks B(ui{Q]e) with e-disks in Ti^(^qL. In particular, we may consider the (e, (ui, ^))-points at 
^ = ((ui, C), W2) G Af as points in the fiber over ^ in the pull-back bundle 

ev*TL — >Af, 

where ev: A/" — > £, ev((ui, (^), M2) = mi(C) = ""2(1)- With this convention we get the following 
sections of this bundle: 

• The (e, {u2,())-point in the component of l2e — {00} to the left (right) of 00 which is 
closest to 00 gives a C^-smooth section q^^^ (9+^) of the bundle ev* TL over If^^^; 

• The (e, (u2, C))-point in the component of — {00} to the left (right) of 00 which is 
farthest from 00 gives a C^-smooth section (7*""^ ('?+"*') of the bundle cv* TL over U^"'^^. 

We use these families to fix parametrizations for the 7M* (/3)-component of elements in Af. If 
^ S [/■'"s c ^ = ((mi,C),U2) then we let u^^: H — ^ C" denote the representative of U2 such 
that U2°*^(±l) = Similarly if ^ e C/"'"s c A/", C = (("1,0, "2) then we let ^2'"^: H C" 

denote the representative of U2 such that u^'^^iH) = 9^"^- 

In order to define uniquely parametrizations over all of Af, we interpolate between u^2^ and 
1*2'"*^ in U""^ n To this end, note that if ((mi, C), "2) e [/''^s n W'^^ then U2 hes in one of 

the disjoint annular regions V{u2', Si) — V(u2, 6q), j ~ 1, . . . , m. Let S{u2) G {Sq, Si) denote the 
distance between U2 and this defines a smooth function 

S: V{5i)^V{So)^{So,Si). 

By Lemma lS^ if {{ui,(), U2) G A/" and U2 G V{Si) — V{So) then there are exactly 4 (e, (ui, C))- 
points in /2e; each corresponding to a transverse intersection with dB(ui{Q; e). Furthermore, 
one component of l2e — {00} contains 1 such point and the other component contains 3. Using 
the parameterization u^2^ : H — >■ C we think of /2c as an interval in dH containing 00. 

(1) In the case when the component with 1 intersection lies in the negative direction from 
00, we get the following intersection points in l2e (listed in the order induced by the 
orientation of 12c), together with 00: 

1 , 00 , -1 , Ci , C2- 

Here 1 corresponds to = g!!"^, —1 to q'^^, and (2 to 

(2) In the case when the component with 1 intersection lies in the positive direction from 
00, we get the following intersection points in l2e (listed in the order induced by the 
orientation of /2e), together with 00: 

Ci , C2 , 1 , 00 , -1. 

Here 1 corresponds to q"^^, Ci to q!!"^, and —1 to q"^ = q*^"^. 
Let a: [Sq, Si] — > [0, 1] be a smooth increasing function equal to near Sq and equal to 1 near 
Si. For ^ = ((ui, C), U2) G f/''''s n f/'^i'ig, define the automorphism 

V'[m2]: H H 

as follows: 

(1) In case (1) above, with 1 intersection in the negative direction from 00, ip[u2] satisfies 
ij[u2]il) = 1 , ^[U2](cx)) = 00 , ^[U2]{-1) = a{S{u2)){-l) + (1 - aiSiu2)))C2- (5.6) 

(2) In case (2) above, with 1 intersection in the positive direction from 00, ip[u2] satisfies 

V'[m2](1) = aiSiu2))l + (1 - a{S{u2)))Ci , ^[u2]ioo) = 00 , ^[u2](-l) = -1. (5.7) 
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Furthermore, define 

Then uf = u'i^^ if 6{u2) lies in a neighborhood of Si and uf = ^2 if <5(u2) hes in a neighborhood 
of Sq] we extend the family of parametrizations to all of J\f by declaring that if ^ = {{ui, C), "1*2) G 

[/rcg _ j/sing ^jj^j^ y|t ^ ^rcg if ^ = ( (u^ , , ^2 ) g U""""^ - ?7''°S then u|' uf''^. 

It is straightforward to compare the various parametrizations: if U2 G V{Si) — Vi{So) then 
we have three parametrizations uf, U2^, and ^2"^. In the compact part oi H, H — E{Ro) for 
some large but fixed Rq , any two of these parametrizations differ by a diffeomorphism, whilst it 
follows from (|4l^ and (|4T3)) that there are functions k'^'s and ft.™e, fc'^'^g, and ft-'^'^s such that 
forze [po,oo) X [0,l]«S(i?o) 

u'f^{z) = uf {z + fc'-'=s[u2] + h'^^[u2]{z)) , 

Uf'^z) = uf {Z + k''"'^[u2] + h'''''^[u2]{z)) , 

where the constants k'^°^[u2] = 0{1) and A:''™s[u2] = 0{1), i.e. are uniformly bounded in W^^^ D 
W''^^, and where similarly h"'s[u2]iz) = ©(e"'^^) and h'''''s[u2]iz) = 0(6"'^^). 

In complete analogy with the above we find an open cover W'^'^^ U W^^'^^ of T that restricts 
to C/™s u W'^'s over the boundary J\f. Here is a small neighborhood of % and W'^s 

the complement of a slightly smaller such neighborhood. Exactly as for [/'''^s U C/''™^ we use 
u p^'^mg produce stable parametrizations uf for the holomorphic disk components of 
elements in the fibered product 

VxlM*{I3), 

that agree with the stable parametrizations defined above along the boundary Af ~ dT. 

5.3. Marked points on disks at the boundary of 7^(0(3). In order to control marked points 
under bubbling we will use auxiliary hypersurfaces that are Poincare dual to the generator /3 
of Hi{L). Consider a map ui G F{~I3). Then the C^-map ev(ui,-): dD L represents the 
homology class — /3. Let P be a hypersurface Poincare dual to /3. After small perturbation, 
P is transverse to cv(7ii, •) and the signed count of intersection points in ev(wi, ■)~'^{P) equals 
— 1. Noting that P is orientable, let P' be a small shift of P along a normal vector field. For 
sufficiently small shift, P' is also transverse to ev(ui, •). 

By compactness of F*{~f3) there is a finite collection of such hypersurfaces Pi, ... , P^, with 
parallels P{, . . . , P^, and an open cover J^*{—(3) = [/i U U • • • U U„i such that if C) G Uj 
then cv(ui, •) is transverse to Pj U Pj and mi(C) ^ Pj U Pj. 

Let TT : J^(0/3) — > [0, 00) denote the natural projection and recall that 7r(J^(0/?)) is contained in a 
compact subset. Consider a sequence of maps Uj : {D, dD) -> (C", L), j = 1, 2, . . . in By 
the Arzela-Ascoli theorem, if |c?M;, | is uniformly bounded, then Uj has a convergent subsequence 
Uji^ with limit u which solves the Floer equation {du + "fR® Xhh)^'^ = for i? = lim^ n{ujf^). 
Consequently, for any M > the open set 

Um = {u G ^"(0/3) : sup \du{z)\ > M} 

is a neighborhood of the Gromov-Flocr boundary of ^{0/3). For M > and u G J-{OP), let 
B^^\u,M) = \du\-^{[M, 00)) C D and let (S(u,M) = diam(p(i) (u. A/)). 

Lemma 5.7. // ej\/ = sup^^^^^ A/) then em Q as A/ —> 00. 



Proof. Assume that the statement is false. Then there is a sequence of disks in J^(0/3) with 
bubbles forming at (at least) two points. This contradicts Lemma l47fl □ 



EXACT LAGRANGIAN IMMERSIONS WITH A SINGLE DOUBLE POINT 



33 



It follows from Lemma [F771 that for any (5o > there exists M > such that for every u G Um, 
S{u, M) < Sq. Let /„ C dD denote the smallest interval containing dD D B'^^\u, M) and let C„ 
denote the mid point of . 

Lemma 5.8. For all sufficiently large M > 0, if u £ Um then for some Pj , j € {!,..., m}, there 
are points C, C S lu such that w(C) S Pj and u((^') G Pj. 

Proof. Assume that the lemma does not hold, then there is a sequence of maps ui G Umi, 
Ml — > oo as Z — > OD such that ui{Iui ) Pj = oi ui{Iui ) Pj = for all j = 1, • . . , rn. But, 
by Gromov-Floer compactness and Lemma 14.71 {ui , C„, ) has a subsequence that converges to 
some (ui,C) G uniformly on compact subsets oi D — C,. Now, (ui,C) S Uj for some 

j G {1, . . . , m} and hence ui\dD intersects Pj and Pj transversely with intersection number — 1, 
and iti(C) ^ Pj U P'j- Since the intersection numbers of ui\qd with Pj and with Pj equal we 
find that m ) n Pj ^ and ui ) n Pj ^ for / large enough and ui in the subsequence. 
This contradicts the assumption and the lemma follows. □ 

Let C 77 be a half disk parameterizing a small neighborhood in D around Let m G Um, 
fix Pj as in Lemma [5?8l and let C', C be (ordered) points in dHs such that u{C,) G Pj and m(C') € Pj 
(or vice versa). Let a — and 6 = then the map -tp: H ^ H, ?A(z) = az + 6 satisfies 

'0(— 1) = ( and ■(/'(I) = C- Lemma [5771 implies that a, — > as A/ — > oo. Let ftp = 'ijj^^{Hs) C iJ. 

Lemma 5.9. For any sequence of maps ui G Umi C J^(0/3) zwif/i A/; — > oo, there exists Pj such 
that the sequence uio^p: fip — > C" has a subsequence that converges uniformly on compact subsets 
to a holomorphic disk u: {H,dH) — > {C"',L) with u{l) G Pj and u{—l) G Pj , which represents 
an element in A4*{p) with marked point at oo Cz H. 

Proof. In case the derivative of Uj o ip is uniformly bounded we can extract a convergent subse- 
quence, with limit which must be non-constant since the hypersurfaces Pj and Pj are disjoint. 
The lemma then follows from Lemma 14.71 

Assume next that the derivative is not uniformly bounded. Then we have bubbling at at least 
one point ^ G dH, and recover a non-constant holomorphic disk from there. Lemma 14.71 implies 
that this is the only bubble and hence Uj o -0 must converge to a constant map on compact subsets 
of i7 — ^. This however contradicts Pj and Pj being disjoint, so we conclude that the derivative 
is uniformly bounded. □ 

Corollary 5.10. For each So > 0, eo > 0, and e > 0, there exists M > and po > such that 
for every u G C J^(0/3) there exists ((iti, C), U2) G M such that the following holds: 

(1) The -distance between u\£,_gi^(^.g^-^ and ui\£,_gi^(^.s^-^ is smaller than eg, where B{C,]5q) 
denotes a Sg-neighborhood of Q in D. 

(2) There exists j such that (wi, C) G Uj and a parameterization U2 : — > C" with 1*2(1) G Pj 
and U2(— 1) G Pj such that u o ip is defined on Hp^ and lies at -distance at most eg 
from U2\hp„- Furthermore, i/ ((iti, C), M2) G U'"^^ (resp. ((iti,C),M2) G U^™^) then the 
two (e, (ui, C)) -points corresponding to q]^^ (resp. to q^™^ ) lie in U2{dHp^^). 

Proof. Assuming that (1) or the first part of (2) does not hold we extract a sequence contradicting 
Lemma [531 For the last part of (b), observe that when parametrized as above, the points where 
W2 : i? — > C" intersects dB{ui{(); e) lie at uniformly finite distance from ±1, by compactness of 
ev-i("i(C))cA^*(/3). ' □ 



34 



TOBIAS EKHOLM AND IVAN SMITH 



Corollary 15.101 allows us to extract subsequences with bubbles that limit to maps of the form 
uf. More precisely, given u as above, if U2 S C/™^ (resp. if U2 € [/'''"s) then CoroUarv 15.101 
enables us to find the transverse intersection points with dB(ui(Q; e) corresponding to q]^^ 
(resp. to This allows us to define maps (j)^*" : H H. of the form z ^ az + which 

take ±1 to the intersection points corresponding to q]^^ if ((ui,C),W2) € JJ'"^'^ — U^™'^^ to the 
intersection points corresponding to g^"® if ((mi,C),i*2) G W^"-^ — V^^, and to the interpolation 
between intersection points determined by 5{u2) as in (|5.6p and (|5.7p if ((ui, C), U2) G U'^°^r\U^™^ . 

Corollary 5.11. Corollary 1 5. i 01 holds with (2) replaced by 

(2') The map u o (jf^ is defined on Hp^^ and lies at -distance at most 69 from ul^lfl'po ■ 

Proof. Noting that the coefficients a and h in the maps tp and (jf^ differ by a uniformly bounded 
amount, this follows immediately from Corollarv l5.10l □ 

6. Gluing 

In this section we define a Floer gluing map 

$: A/" X [0,00) = r*{-P) XL M*iP) X [0,00) ^ J"(0/3) 

following Floer's classical gluing scheme, and show that this map gives a C^-parametrization of 
a neighborhood of the Gromov-Floer boundary of T{0f3). 

6.1. The Floer-Picard lemma with parameters. Our main tool for gluing is the following 
result. Let T and M be finite dimensional smooth manifolds and let ttx : X M x T he a, 
smooth bundle of Banach spaces over M x T. Let ttb : i? — >■ T be a smooth bundle of Banach 
spaces over T. Let / : X — > B be a smooth bundle map of bundles over T and write ft-Xf -^ Bt 
for the restriction of / to the fiber over t G T (where the fiber Xt is the bundle over M with fiber 
^(m,t) at m G M). If m G M, then write dm ft ■ ^{m,t) Bt for the differential of ft restricted 
to the vertical tangent space of Xt at G X(m,t)j where this vertical tangent space is identified 
with the fiber X(^m,t) itself; similarly, the tangent spaces of Bt are identified with Bt using linear 
translations. Denote by Os the 0-section in B, and by D{Ox', e) an e-disk sub-bundle of X. 

Lemma 6.1. Let f: X ^ B be a smooth Fredholm bundle map of T-bundles, with Taylor expan- 
sion in the fiber direction: 

ftix) ^ ftiO) + dmftx + N^m,t){x), where € X(ra,t)- (6.1) 

Assume that dmft is surjective for all (m, t) £ M x T and has a smooth family of uniformly 
bounded right inverses Q[rn,t)'- Bt — > X(m,t); o,f^d that the non-linear term N(^m,t) satisfies a 
quadratic estimate of the form 

\\N(m,t){x) ~ iV(„,t)(y)||B, <C\\x- 2/||x,„,„(||a:||x,„,„ + \\v\\x,^,,). (6.2) 

for some constant C > 0. Let ker((i/t) — > M be the vector bundle with fiber over m G M equal 
to ker((i„/t). // ||(5(m,t)/t(0)||x(„,t) < then for e < /"^(Ob) n ^'(Ox; e) is a smooth 
submanifold diffeomorphic to the bundle over T with fiber at t £ T the e-disk bundle in ]iev[dft). 

Proof. The proof for the case when Al and T are both points appears in Floer [15] and generalizes 
readily to the case under study here. We give a short sketch pointing out some features that will be 
used below. Let -fS'(m,t) = ^^^{dmft) and choose a smooth splitting X(m,t) = ^[m t) ®-^{m,t) with 
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projection p(„ t) : X(„,_t) K(^„^^t)- For e i^(,„,t), define tire bundle map /(„ t) : Xf^„^^t) ~^ 

f{m.t)ix) = (/t(x) , P{rad)X- fc(m,t))- 

Then solutions to the equation /t(x) = 0, a; € X(m,t) with P(m,t]X = k^^m^t) are in one-to-one 
correspondence with solutions to the equation f(^m,t){x) = 0. Moreover, the differential df(^m.t) is 
an isomorphism with inverse Q(m.t) • Bt ® ^^(m.t) ~^ ^(m,t)j 

Q(m,t) {b,k) = Q(™.t) & fc. 

On the other hand, solutions of the equation f(m.t)ix) = are in one-to-one correspondence with 
fixed points of the map -?"(,„.() : X(rn,t) ^ X{m,t) given by 

Fixed points are obtained from the Newton iteration scheme: if 

then Vj converges to Vao as j — > oo and -F'(m.t)(^^oo) = Voo- Furthermore, if ||/t(Ox(t „) )|| is 
sufficiently small then there is < (5 < 1 such that: 



and consequently 

lkoo-«o|| <^||/t(0)||, (6.3) 
where k is a constant. □ 



6.2. Pre-gluing maps of disks. Recall from Section 13761 that we associated to a pair of punc- 
tured disks iJj, j = 1,2 and p £ [l,oo) a pre-glued disk Hi^pH2 and that weight functions 6,5 
on Hj induced a weight function on Hi^pH2. For simpler notation below we will write Dp for 
Hi^pH2. For {{uiX),U2) € A/" and p G [po,oo) define the map 

Wp = Mi#pM2 : Dp C" 

as follows. For pQ large enough ui (rcsp. uf) takes the region (—00, ~po] x [0, 1] (resp. [pq, 00) x 
[0,1]) to the holomorphic (C", ]R")-coordinates around ui{() E L. Define 

{ui{z) for z e i/i - ((-oo,-p+ 1) X [0,1]), 

uf{z) for z e i/2 - ((p + 1,00) X [0, 1]), 

(1 - a{z))ui{z) + a{z)u2{z) for z e [-1, 1] x [0, 1], 

where all domains are subsets of Dp = Hi^pH2- Here the domains of the first and second maps 
are clear. The third domain should be understood as 

[-1,1] X [0,1] C [-p,p] X [0,1] C Dp, 

see p.l2p . and a in the definition of the map is a smooth cut off function equal to near t = — 1, 
equal to 1 near t = 1, and real valued and holomorphic on the boundary [—1, 1] x {0, 1} = 
(5Dp)n[-l,l]x [0,1]. 
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6.3. Adapted configuration spaces. A prc-glucd domain Dp contains a middle strip [— p, p] x 
[0,1] C Dp, see ((XT^ . Write S Dp for the point (0,0) G x [0,1]. Let X denote tlie 

bundle over L x [po, oo) the fiber of which over (p, q) is the subset 

of functions u : Dp C" that satisfy the following: 

(1) u takes the boundary dDp to L, the restriction of {duf'"^ to the boundary (the trace) 
vanishes, and u\q£, represents the zero homology class. 

(2) u(0) = qcL. 

We view A" as a bundle over L x [po, oo) with local trivializations in the i-directions given by 
composition with cut-off translation diffcomorphisms, as in ()4.7p . and with trivializations in the 
[poi oo)-dircction given by pre-composition with diffcomorphisms ip: Dp — > Dpi such that V'(O) = 
0, tl' ~ id outside the middle strip, and inside the middle strip ip is close to a diffeomorphism 
that stretches/shrinks the [—p,p] x [0,1] in the first coordinate and which is holomorphic along 
the boundary. 

Each fiber Xp X ^ [pQ,oo) fibers over L. The vertical tangent bundle of A" ^ [pq,oo) can 
be described as the bundle with fiber over u (z Xp equal to the direct sum 

TuXp ^£{u)(B Vsoiiu). 

Here £{u) C 7i^{Dp) is the subspace of vector fields v along u that satisfy 

(1) v{z) g Ty_{z)L and (Vu)°'^|a_Dp = (where V is the connection associated to the metric 
g, see Section H?T|) . 

(2) t.(0,0) = 0, 

and Vso\ (u) = R" is the n-dimensional space of cut-off constant solutions coming from the values 
of the holomorphic coordinates at u{0) (i.e. the space arising from linearizations of translation 
diffcomorphisms). There is an exponential map exp^^ : £(u) Vsoi(u) — > X which can be written 

exp„(w,c) = $c(Exp„(w)), 

where $c : C" C" is the translation diffeomorphism associated to c G M" and where Exp is 
defined through the metric g, which gives -charts of Xp. 

Remark 6.2. These charts vary in a C^-smooth way with p £ [po,oo). Indeed, the local triv- 
ialization over the base is simply precomposition with a diffeomorphism -0 : Dp — > Dp> that is 
holomorphic along the boundary, and the exponential map above is equivariant under precom- 
position with tp: 

exp„o^(w o ^, c) = (exp„(?;, c)) o i/;. 

We will use X as the source space for the Floer operator. We denote the naturally corre- 
sponding target space y. This space is a locally trivial bundle over [po,oo) with fiber at p equal 
to 

Hi(Dp,Hom°^i(TDp,C")), 

the subset of elements A G 'H]{Dp,Rom°'^{TDp,C")) with AIqd^ = 0, and with local trivial- 
izations given by precomposition with the differentials dTp of the diffcomorphisms ijj : Dp — >■ Dpi 
described above. 
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6.4. Pre-gluing as a map and the Floer operator. Consider the produet X x [0, oo) and 

define the map 

PG ; A/" X [po, oo) -> X [0, oo) 
as follows (recah that TV = J^*{-f3) x ^ M*{(3)): 

where ^ = ((wi,C),W2) and r{ui) is the coordinate of the Hamiltonian at ui, i.e. ui solves the 
Floer equation (dui + jriui) ® Xh)'^'^ — 0. By compactness of the moduli spaces involved we 
find that if po is sufficiently large then PG is a fiber preserving embedding (as a map of bundles 
over [po,oo)). More precisely, the restriction 

PGp = PGUxm: AA^ A-p 

is a family of embeddings which depends smoothly on p. 

Consider the normal bundle NAfp of J\fp = PG p{J\f) C Xp as a, sub-bundle of the restriction 
Tjs/pXp of the tangent bundle of Xp to Mp. The fiber Ny^^Np of this normal bundle at Wp = 
wi#pU2 e Xp is the complement, see Remark |6 . 31 below . of the subspace dPG{T^N) C T„,pA'p, 
where ^ = ((ui,C),U2) G TV. 

By transversality and a standard linear gluing result, see Lemma [7.21 below. dVG{T^N) = 
TwpMp is given by 

TwpMp = kcr(ui)' Xt„^«.)L ker(u2)', 

where ker(ui)' is spanned by cut-ofF versions of vector fields of the form v' + c' where w + c lies 
in the kernel of the linearized operator at m^, with v' a cut off version of v and c' the element in 
Kioi(ui#p'i*2) with the same constant value as c' S V^oi(ui). An element in the fibered product is 
of the form v'i + c' + v'2 where {v[,c') £ ker(iti)' and (^2, c') G ker(M2)'- 

The bundles Tf^X — > [po, 00) and NAf — > [po, 00) are locally trivial, with local trivializations 
given by precomposition with the diffeomorphisms ijj : Dp — > Dpi , in the latter case followed by 
L^-projection to the normal bundle. 

Remark 6.3. The pairing on TuXp is to be understood as follows. Recall that 

TuXp =£{u)® Vsoiiu). 

We define 

{{V, C) , {V, C)) = {V , '5)^2 + (c , c)Rn , 

where the first summand is the pairing on £{u) C 'Hl{Dp] C") induced by the weighted L^-pairing 
on the ambient space and the second is the inner product of the values of the cut-off solutions 
at in T„(o)L. Furthermore on the space 

TwpXp ^£{wp)® Vso\[wp) 

we will use the norm 

\\{v^c)\\t^^X, = |K'||2.5 + ||c||t„^,o)L, 

where || • II2.5 is the weighted Sobolev 2-norm on 7{|(Z3p,C") and where |j • \\t,l is the norm on 
the tangent space of L at (7 induced by the Riemannian metric. We will write || • Hata^p for the 
restriction of this norm to the sub-bundle NAfp. 

The Floer equation now gives a smooth bundle map /: T_\fX — > 3^, where /pi T^^Xp — > 3^p is 
defined as follows. If Wp = ui#pU2 G TVp then for (1;, c) G T^^Xp ~ £{u) © Vso\{u): 

/p(^^> c) = (^dexp^^(w, c) 7r(„,) (g) X//(exp^^(i;, c)) j . (6.4) 
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Below wc will keep the notation / for the restriction /Ina/- 
6.5. The gluing map. To construct the gluing map 

A/'x [po,oo) ^ J-(0/3) 

which parametrizes a C^-ncighborhood of the Gromov-Flocr boundary we will apply Lemma |6. II 
to the map / : NM — > y defined in (|6.4p . In the notation of Lemma 16.11 

• [po, oo) corresponds to T, Af corresponds to M; 

• NAf corresponds to X, y corresponds to B; 

• we use the norm j| • j| wA/p from Remark 16.31 and the norm \\-\\y induced from the weighted 
Sobolev 1-norm on ^^(1?^, Hom^'^TDp, C")). 

Lemma 6.4. There exists 7 > such that for any ^ = ((ui, 0,7/2) G N, ifwp ~ ui#pU2 then 

\\f,{w,)\\y^^O{e-^n- 

Proof. Write U2 = uf. By Fourier expansion near 00 € H, \u^''\z)\ = 0(e^'^+''-'''), j ~ 1,2, 
A; < 2, in the interpolation region where the weight function is bounded by e^^. □ 

If ^ = ((ui,C)i'^2) G A/", let Wp = ui^pU2- For the next result, in the correspondence with 
Lemma I6.1[ the fiber N^^M of the normal bundle NNp at Wp corresponds to -^(m,t) and Wp 
corresponds to G X(,„ j). 

Lemma 6.5. For po sufficiently large, the vertical differential 

du,Jp - N.^,Afp yp 

is surjective and admits a uniformly bounded right inverse. Moreover, the quadratic estimate 
(|6.2[) for the non-linear term in the Taylor expansion of fp holds. 

Proof. The quadratic estimate follows from [T^ Proof of Proposition 4.6]. In order to see that 
the differential is surjective and admits a uniformly bounded right inverse, we first note that the 
linearization 

dfp '. Tiiip Xp — > yp 

at Wp is a Fredholm operator of index n. The subspace TAfp C T^i^Xp = ^{wp) ® Vso\{wp) is also 
of dimension n and we get a bounded right inverse as desired provided we prove an estimate of 
the form 

ll(w,c)||j,^^ < C\\dfp{v,c)\\^^ 
on the i^-complement of T^^JVp. This follows from standard arguments, cf. Lemma [7^ □ 
Lemmas 16.41 and 16.51 have the following consequence: 

Corollary 6.6. The Newton iteration map with initial values in Hp = VG{M x {p}) C NMp 
gives a difjeomorphism 

^■.M*{f3)xLT*{-P)x[po,^)^f-\0), 

where denotes the 0-section in y, such that $((iti, C): ^2, p) limits to a broken curve with 
components € /3) and U2 € M*{I3) as p — > 00. 

Proof. Immediate from Lemma 16.11 □ 
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6.6. Parameterizing a neighborhood of the Gromov-FIoer boundary. In this section 
we show that exp(/~^(0)) C X gives a C-'^-collar neighborhood w A/" x [0,oo) of the Gromov- 
FIoer boundary of 7^(0/3). There are two main points remaining. First, Corollary 16.61 gives a 
1-parameter family, with parameter p S [pQ,oo), of A/'-families of solutions in 7^(0/3) without 
giving much explicit information on how the solutions depend on p, and we must extract such 
information. Second, we need to establish the surjectivity of our construction, i.e. show that all 
disks near the boundary are in the image of the gluing map. 

Fix p e [po, oo), and let /~^(0)p = f~^{Q) n NNp. Consider the re-parametrization map 

vl/p: ri(0),^^(0/3), 

defined as follows. Think of a fixed neighborhood of the marked point ^ € dD as a half disk 
Hs C H around 0. Furthermore, think of (— oo, —p) x [0, 1] C Hi as the half disk H^-^p and of 
-ffi;p as He^p. Hence, in terms of charts, we write the domain D as i?i;p with H2;p attached by 
the map which is scaling by e"^'^''. An element u S NAfp gives a map ^p(u) : 13 C", which is 
the reparametrization above of the map exp(u), which was originally defined on Dp. The map 
^'p(u) solves the Floer equation if and only if f{u) = 0. Since vj/^ is the gluing map, which is 
a diffeomorphism, followed by a bounded smooth re-parameterization, it is clear that ^'p is an 
embedding. 

Let /^^(O) — > 7^(0/3) be the map which equals "ifp on /^^(0)p. Note that as p — > oo, 

inf {sup cx). 

«6/-i(0)p D 



Lemma 6.7. For p sufficiently large, the map is a C'^ embedding. 

Proof. The distance functions in J^(0/3) and M are induced from configuration spaces which are 
Banach manifolds with norms that control the C'^-norm. Since all norms are equivalent to the 
C'^-norm for (Floer) holomorphic maps, we may think of all distances d(-, •) in the calculations 
below as C°-norms. Equation ()6.3p and our rescaling implies that 



> Ce^'P. (6.5) 

CO 



dp 

for some constant C > 0. 

Assume now that that there is a sequence of pairs (^, p) ^ {£f , p') such that 

d(*p(e),v(e')) = o(d(€,c'))- 

Then it would follow that 

d(^p(0, V (0) < d(*p' (0, *p' iO) + 0(d(e, O) = Om, O). (6.6) 

However, taking eq > small and d(^',^) < €q, (|6.6p contradicts the derivative bound (|6.5p once 
p,p' are sufficiently large. We conclude that for small enough eg, the map is a embedding in 
an eo-neighborhood of any point. 

It follows that the map is also a global embedding: since ^ approaches the pregluing map as 
p ^ oo, there is po > so that for p, p' > po, if d(^, ^') > eo then d(*p(^), *p'(C')) > ^ 

We are now ready to state our main gluing result: 



Theorem 6.8. For po sufficiently large, the map 'i' : Af x [po,oo) — > J^(0/?) is a embedding 
onto a neighborhood of the Gromov-FIoer boundary. 
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Proof. Take po sufficiently large that the eonclusion of Lemma 16.71 holds. It only then remains 
to show that (perhaps for some larger po) the map ^! is surjeetive onto a neighborhood of the 
Gromov-Floer boundary of J- {0/3). A Gromov-Floer convergent sequence Wj with non-trivial 
bubbling converges uniformly on compact subsets. We need to show that Wj eventually lies in 
the image under the exponential map of a small neighborhood of A/" C NAf where the Newton 
iteration map is defined. To see this, we note that by Corollarv lS.lll for any fixed po, the maps wj 
C^-converge on the two ends of the strip region [—p + po,p — po] x [0, 1] to ui and uf, respectively. 
On the remaining growing strip we have a holomorphic map which converges to a constant (since 
there cannot be further bubbling). 

Because of the weight in the Sobolev norm in pre-glued domains, knowing that the limiting 
holomorphic map on the strip region is constant is not quite sufficient. However, by action 
considerations, if p > po 3> is large enough, then both end-segments of [~p + po, p — po] x [0, 1] 
must map into the same holomorphic coordinate chart. Then the whole strip must map into this 
chart as well, again for action reasons. Thus, on this region, the map is holomorphic and maps 
into (C",]R") with standard holomorphic coordinates. It then has a Fourier expansion 

z^co + ^c„e"''^ 

n<0 

As in the proof of [H Theorem 1.3], the C°-norm near the ends of the strip controls the weighted 
norm and the shift, i.e. the norm in E{wp) K;oi(ifp), where Wp = ui^puf'. □ 

7. The index bundle and coherent trivializations 

In this section we study the index bundle over the configuration space Xsm of smooth maps 
{D^, S^) — >■ (C^*^, W) with Lagrangian boundary condition given by the Lagrangian W' « 5^ x 
^2fe-i ^2fc results from Lagrange surgery on the Whitney sphere. In particular, we 

establish stable triviality of the index bundle and existence of coherent trivializations. Recall that 
Lemma 13.131 shows that the corresponding results then hold for A'sm with Lagrangian boundary 
conditions in a general L C C^*^ constructed from Lagrange surgery on an immersed homotopy 
sphere with one double point. 

The starting point of our analysis is the map — )■ CW that takes a disk u: {D,dD) — > 
(C",VF') to its restriction to the boundary u\gD, which is an element in the free loop space 
CW' of W' . Since the fiber of this map is contractible by linear homotopies, i/; is a homotopy 
equivalence. Hence it suffices to study the index bundle over CW' = C{S^ x S'^^~^), where 
the operator at a loop 7 is the 9-operator with Lagrangian boundary conditions given by the 
tangent planes of W' along 7. We write Cj{S^ x 5^*^^^) for the subset of loops in homology class 
j eZ = Hi{S^ X 

7.1. A {6k - 7)-skeleton for C{S^ x S^''-^). We use the decomposition C{S^ x S^''-^) = 
CS^ X CS'^*'^^ and consider the factors separately. The space CS^ is homotopy equivalent to 
X Z, where x {j} consists of the geodesies that traverse S"^ j times and where the 5^- 
coordinate of such a geodesic corresponds to its starting point. (For future reference, we remark 
that the choice of base- loop in each homotopy class is inessential.) We thus have 

cs^ ^ [js] 

where the subscript denotes the homotopy class. In order to find a skeleton for CS"^^"^ we 
consider the unit tangent bundle 
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Write 

for the vertical tangent bundle of this bundle, with fiber = at w G US'^''~^ equal to 

keT{dTTy). We wiU think of Q geometrically as follows: if x G S"^^'^ C M^*^ is a unit vector in M^'', 
|a;| = 1, then UxS'^'^^^ is the {2k — 2)-sphere of unit vectors v E R^*^ perpendicular to x: 

U^S^''-^ ^{ve R^'' : \v\ = 1, {v,x) = 0}, 

and the fiber Qu is the tangent space to UxS'^^^^ at v, which is the {2k — 2)-space of vectors 
q e M^'^' that are perpendicular to both x and v: 

Q, = {ge]R2fc: {q,x)^0, {q,v)^0}. 

Finally let Q — > S'^''~^ denote the fiber wise Thorn space of Q with fiber over x G S'^^~^ the 
Thorn space MT{UxS'^^~^), which is the one-point compactification of T{UxS'^''~^). We write 
*x for the point at infinity in MT{UxS'^''-'^). 

We next define an embedding <f>: Q ^ CS'^''~^ which, as we shall see, gives a (6fc — 7)-skeleton 
for CS'^^~^ . Here we think of Qx as the unit disk bundle in the tangent bundle of UxS'^^~^ 
with all points on the boundary collapsed to the single point *x- We define the map using the 
geometric interpretation of Q above, as follows. 

(1) For S Qu, define ^•(0) to be the great circle through x = 7r(u) with tangent vector v: 

$[0](t) = {cost)x + (sint)i;, < < < 27r. 

(2) For q G Qv with < |g| < ^, define ^{q) to be the piecewise smooth curve that consists 
of two great half-circles in the 2-hemisphere determined by $ [0] and q meeting at ±x at 
an angle 27r|(7|: 



{cost)x + (sint)w, for < t < n, 

{cost)x + (sint) ((cos 27r|g|)w 4- (sin27r|q|)|(7|^-'-(7) for tt < i < 27r. 

Note that = ^[q'] for any q,q' with \q\ = \q'\ = i. 
(3) For q £ Qy with 5 < jg] < 1, define <f>[g] to be a shortening of the curve ^[qo] for |go| = 



(cos 2(1 - \q\)t)x + (sin 2(1 - \s\)t)v, for < i < tt, 

(cos 2(1 - |g|)(27r - t))x + (sin 2(1 - |g|)(27r - t))v, for tt <t <2tt. 



(4) Define $[ the constant curve at x 



in 



Lemma 7.1. The image ^{Q) C CS^*" ^ of the embedding $ is a (6fc- 7) skeleton of CS^'^ \ 
the sense that the pair (£5^'^'~^, $(Q)) is {6k — 7)-connected. 

Proof. Consider the fibration of the free loop space tt: CS'^^~^ — >■ S^*^'"^, with fiber ti~^{x) = 
Vt{S'^^~'^ , x) , the space of loops based at x. Consider the round metric on 5^*^'^^. This induces an 
energy functional on 51(5^'^'"^, x) which is a Bott-Morsc function and which has critical manifolds 
as follows: 



(1) A point corresponding to the constant geodesic at x 

3^ 

3 



(2) A {2k — 2)-sphere S"^^ ^ of geodesic loops that start at x and traverse a great circle j 



times. The index of Sf''^ is (2j - l)(2fc - 2), since a geodesic 7 that traverses a great 
circle j times has 2fc — 2 linearly independent normal Jacobi-fields that vanish at ±a;. 
Thus, there are 2j — 1 conjugate points along 7, each of multiplicity 2k — 2. 
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Consider the gradient flow lines connecting 5^'"" ^ to the constant geodesic at x. Fix some 
V € S\^~^ . The part of the stable manifold of x emanating from v can be identified with the 
disk inside S'^^~^ normal to the geodesic v at its base-point x. By symmetry of the metric, the 
flow line in any fixed direction q shrinks the great circle v inside the 2-hemisphere determined 
by V and q. The map $ defined above gives a particular such shrinking, which is homotopic 
to the gradient flow. Considering such gradient flows for varying x, it follows that the unstable 
manifold of Sl^^^ is homotopic to $((5). Since for j > 2 the index of the Bott manifold S'^''~'^ 
is at least {2j — l)(2fc — 2) > 6fc — 6 the lemma follows. □ 

Summing up, we get a {6k — 7)-skelcton of Cj{S^ x S'^'^"^) of the form x Q, where a 
point (y, q) corresponds to the loop which first traverses the loop corresponding to y inside the 
S'^-factor, while being constant at the base point in the 5'^'^~"'^-factor, and then follows the loop 
$[(7] in the 5^*^'" ^-factor, while being constant at the base point in the 5^-factor. 

7.2. A linear gluing lemma. In this section we establish a linear gluing result that we use 
both to construct stable trivializations and in formulating the definition of coherent stable triv- 
ializations. The argument is standard; we present a version tailored for the applications in this 
paper. Essentially the same argument would establish the uniform bound of the right inverse 
operator in Lemma 15751 

Let D he a. disk with a loop {A(z) C C"}^ga£) of Lagrangian n-planes in C" specified along 
its boundary. Let Bd denote a Cauchy-Riemann operator on C"-valued vector fields on D. We 
write n'^{D;K) for the Sobolev space of maps v: D ^ C" with two derivatives in and which 
satisfy the following: 

(1) v_{z) g A(z), z edD and 

(2) BovldD = (where the restriction to the boundary should be interpreted as the trace). 

We write Hom^'^TD, C")) for the Sobolev space of complex anti-linear maps TD C" 

with one derivative in that vanish on the boundary, and write 

for the operator that maps v to dov. Then Da is a Fredholm operator of index 

ind(5A) = n + ^(A), 

where ^'■(A) is the Maslov index of A. The kernel of 9a is spanned by smooth vector fields. 

Fix C £ dD, puncture D at C, and identify a neighborhood of C with a half-infinite strip 
[0,00) X [0,1] as in Section l376l Fix 6 £ (0, tt) and consider the Sobolev space 7^^(£',C;A) 
weighted by a function which equals 1 except in the half strip around C where it is given by e'^''^' 
for T + it e [0,00) X [0,1]. Let C; Hom°'\TL», C")) denote the corresponding weighted 

Sobolev space of complex anti-linear maps that vanish along the boundary. Assume now that 
A{z) = R" C C" in a neighborhood of C and that djj agrees with the standard 9-operator in some 
neighborhood of (. Fix a cut-off function a : [0, 00) x [0, 1] which equals 1 for r > Tq, which equals 
for T < To — 1 , and which is real valued and holomorphic on the boundary. Assume furthermore 
that To is sufhciently large that the boundary condition A is constant and the operator do is 
standard for r > tq. Let 

FsoKC) = R(aei, . . . ,ae„), 
where ei, . . . , e„ is the standard basis in R", so elements in V^oi(C) are cut off constant solutions. 
For Vsoi e T4oi(C), define 9aUso1 = dvsoi S nUD^Ciiom^'^TD ;£")). Then the operator 

^A : n^D, C; A) e VUO ^ nliD, C; nom'^'^TD, c")) 

is Fredholm of index n + /^(A), and there is a canonical isomorphism between the kernel of this 
operator and the kernel of the operator discussed above. To see this, note that Taylor coefficients 
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at C of solutions of the problem on the closed disk correspond to Fourier coefficients of solutions 
on the punctured disk, where the added cut-off solutions on the Fourier side provide the constant 
terms in the Taylor expansion. 

We next consider stabilizations. Let Ai, . . . , A™ e il^iD] YIo\tv^-^{TD, C")). For convenience 
we take the Aj to be smooth sections with support outside a neighborhood of the marked point 
C € D. We define 

by 'ipi^j) = j = 1, . ■ . , TO, where ei, . . . , are basis vectors in M™. We now consider the 
stabilized operators 

dA®ip: n^{D;A)®R"' ^n\D;llom."'\TD,C")), (7.1) 
dA®i^: Hj{D, C; A) ® V;oi(C) © ^ nl{D, C iiom"'\TD, C")), (7.2) 

where the second operator is stabilized exactly as the first (recall that we took the images 
ip{e.j) = Aj to be smooth sections supported outside the strip neighborhood of the puncture). 
Again we have a canonical identification between the kernels of the two problems. 

Consider now two operators as above: 9ai on Di and Ba^ on D2- Assume that Di is punctured 
at C and D2 at 1, and consider the punctured versions of the operators as described above. Assume 
furthermore that Ai(C) = A2(l). Then we can pre-gluc the domains, see Section and W% to 
obtain a domain Dp with an induced weight function. Furthermore, the boundary conditions Ai 
and A2 give a boundary condition Ai^A2 on dDp and the operators glue to an operator dp on 
C"-valued vector fields over Dp. 

Define 7{g{Dp;C^'') as the weighted Sobolev space with two derivatives in L^, of vector fields 
which satisfy the usual boundary conditions, and the extra condition that w(0) = 0, where is 
the distinguished point in the strip region [—p, p] x [0, 1] C Dp, see Section [3?6l Let ysoi(O) denote 
the space of cut-off constant solutions in this strip region. Consider the operator 

Bp-. HK^p;C")®y,oi(0) ^H^(i?p;Hom°'i(Ti?p,C")) 

Assume now we have stabilizations (?/'i,IR™0 and (■02, IR™^) of B\- that make the operators of 
(|7.1[) surjective. They then induce a stabilization {ipi '02,18.™^^'"^) of Bp. Let tpo denote the 
auxiliary stabilization that adds another copy of V^oi(O) to the domain, this copy being orthogonal 
to the first with respect to the L^-pairing, see Remark [6?3l 

Note also that there are evaluation maps ev^ : ker(9Ai S^i'i)^ 11^" and evi : ker(9A2 ffi "02) ~> 
M". We say that the kernels are transverse at the gluing point if these images together span M". 

Lemma 7.2. For all p that are sufficiently large, -projection gives an isomorphism 
ker(9p ® ffi i/'2 ® -00) = ker(9Ai + V'l) © ker(9A2 + V'2)- 

Furthermore, if the kernels are transverse at the gluing point then Lp' -projection gives an isomor- 
phism 

ker(i9p © V'l © ^2) = ker(9Ai + "^i) XR" ker(aA2 + V'2), 
where the fibered product is with respect to the evaluation map ev^ x evi to M" x M" . 

Proof. We start with the first statement. Write L ~ Bp (B ipi ® ip2 ® ipo and observe that the 
index of 

L : H^(i?p;C")©E™i+"^©y,ii(0)© 14^1(0) — > Hj{Dp;Rom'>'\TDp,C^)), 
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where the superscripts on the V^oi(O) are just to tell the two copies apart, equals 

n + ^(Ai#A2) + TOi + TO2 + = (n + /^(Ai) + TOi) + (n + /i(A2) + TO2) 
= dim(ker(aAi © "^i)) + dim(ker(aA2 © ■02))- 

Consider an element vj in the kernel of d\j + ipj . It can be written uniquely as 

Vj = Vj-S + Vj-sol + Wj, 

where Vj-s & ^{^{DX: ^j), vj-soi & Kioi(C)i and wj € K™^ . Let fSj be a smooth cut-off function 
that equals 1 on Hi-p^i, equals outside iJi;p+2, and is real valued and holomorphic on the 
boundary. Define 

where wf^j is the cut-off constant solution in V^oi(O) with the same value as Vj-soi- 

Pick bases ti^, f^, . . . , and vl,V2, ■ ■ ■ in ker(9Ai © ^1) and ker(9A2 ® ^"2), respectively. 
We claim that the operator L is invertible on the L^-complement of the subspace spanned by 

Ui , . . . , Uj^ , U2 , ■ ■ ■ , V2 ■ 

Indeed, suppose not. Then there exists a sequence uj in the L^-complement such that 

\\uj\\ = 1, — > as j — > 00. 

Write 

where u'^.g^i S ^301(0)' k — 1,2. Consider now the sequence 

These functions are orthogonal to the kernel of Bai + V'l a-nd -> 0. Thus ui-j — ^ 0. 

Repeating this argument for the other half of the disk, we find that U2:j — > 0; but then Uj — > 0, 
which contradicts = 1. We conclude the desired invertibility, and that L^-projection gives 
an isomorphism, as claimed. 

To prove the last statement we argue similarly, inverting instead on the fibered product of 
the kernels. The only difference is in the last step: there is now only one copy of T4oi(0), and 
writing the component of Uj along this copy as uj-soi our transversality assumption implies that 
either PiUj-s + ^*j;soi is orthogonal to the (approximate) kernel of 9ai © tpi or P2Uj.^s + Uj-soX is 
orthogonal to that of 8^2 ® "02 • This means that we can extract a subsequence for which one of 
these alternatives hold. Noting that PkUj-^s is orthogonal to the kernel of ^a^ © V^fc, fc = 1,2 we 
then get a contradiction using this subsequence, exactly as in the first argument. □ 

7.3. Stable trivializations. Write Ij for the index bundle over CjW with operator over the 
loop 7 

D{d,i3):T^X ->y, (7.3) 

where u: {D,dD) {C",L) is any map with u\dD — 7- Note that (|7.3p is independent of the 
particular choice of u. For convenient notation, we write 

for the operator in (|7.3p . We remark that in the subsequent computations, we work with the 
standard 9-operator (for the almost complex structure Jo, with no Hamiltonian perturbation), 
which is sufficient since we are essentially working up to homotopy. 



Lemma 7.3. Ij is stably trivial over the (6fc — 7)-skeleton Sj x $((5) from Lemma \7.1\ 
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Proof. Consider the model of W from Example 12.61 

W' = [j • C C^^ (7.4) 

Recall that we think of the loops 7 in the skeleton Sj x $(Q) as loops which first go around 
the 5^-factor and then along the S'^'^^^-factor. We take the corresponding operator dj to act 
on vector fields on a pre-glued disk Dp = Hi^pH2 for some sufficiently large p > 0, where the 
sub-loops of 7 in the and S'^'"^^ factor are parameterized by dHi and dH2; respectively. It 
follows from Lemma 17.21 that it is sufficient to find stable trivializations over loops which are 
constant in cither factor separately. For the S'^-factor this is obvious since there is only one loop. 
We thus consider trivializations over loops in the S"^*^" ^-factor that are constant in the S'^-factor. 
Take the constant value to be 1 G and write {x,v,q) for points in Q = MTUS'^''~^ , where 
V G UxS^^~^ and q G Qy, cf. the notation of Section [73] 

Consider first d,j,(^x,v,o} with Lagrangian boundary condition corresponding to a simple closed 
geodesic starting at x with tangent vector v. Recalling that we use the complex structure Jo, 
the operator d^(^x,v.o) splits into onc-dimensional problems as follows. 

(1) There are (2k — 2) one-dimensional problems with constant real boundary conditions, 
corresponding to a set of basis vectors in x"*" H . 

(2) In the two-dimensional space spanned by x and v, the Lagrangian boundary condition 
along (cosi)x 4- (sini)w. < i < 27r is spanned by the vectors 

z((cos i)a; + (sin and (— sint)x -I- (cost)w. 

In the complex basis ix + v,ix ^ v this boundary condition splits into the two one- 
dimensional boundary conditions 

e''*{ix + v) and e~''*{ix-v), 

where the former has Maslov index 2 (hence index 3), and the latter Maslov index —2 
(hence index —1). 

The argument principle implies that one-dimensional problems have only kernel or only cokernel. 
We thus find that 

ker(i9$(^_„^o)) = (j^i, ■ • ■ , i^2fc-2, oi, 02, 03), 
where (•) denotes the linear span, where Vj are linearly independent constant solutions in di- 
rections normal to x and v, where 01,02,03 are three linearly independent vector fields in the 
(ix + u)-line which correspond to linearized automorphisms of the unit disk in this complex line. 
Similarly, we deduce that 

cokcr(9$(3.,^,,o)) = (b), 

where 6 is a vector field in the (ix — u)-line which L^-pairs non-trivially with the constant solution 
of the adjoint problem. 

We next consider the family of operators d^(^x,v,q) for 9 in the (2fc — 2)-disk which we think 
of as the normal disk to $(a;,?;,0) at its start point, cf. the proof of Lemma [7.11 For q in an 
e-disk in we keep the boundary condition constant, but change the disk to a pre-glued disk 
Dp = Hi^pH2 where the first half of the boundary condition, < t < tt, is parameterized by 
dHi and the second half by dH2 ■ The argument principle shows that the kernel and cokernel are 
unchanged by such deformations. However, by (the second statement in) Lemma l7.2[ for p > 
large enough we get an approximate kernel, isomorphic to the actual kernel by L^-projection, 
spanned by the following sections: 

(1) constant kernel functions in directions perpendicular to x and v, 

(2) a cokernel function which pairs non-trivially with the constant solution of the adjoint 
problem in the (a; — iw)-line, 
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(3) three approximate kernel functions in the {x + iv)-lmc: the solution over Hi that vanishes 
at the puncture, the solution over H2 that vanishes at the puncture, and the sum of the 
solutions in Hi and H2 that both equal 1 at the puncture, cf. Lemma 17.21 

We now fix q, and start rotating the boundary condition of the second half-plane in direction 
q, as in the definition of $, see Section mi For rotation angle in (0,7r) we claim that the kernel 
is 2fc-dimensional and the cokernel trivial. To see this we invert the operator on the complement 
of the space spanned by the following: 

(1) the {2k ~ 3)-dimensional space of constant solutions (orthogonal to x, u, g); 

(2) the cut off solutions of the pieces that satisfy the incidence condition at the gluing point. 

The usual linearized gluing argument, Lemma l7.2l shows that this is possible: as in that Lemma, 
one shows that for a sequence of functions perpendicular to the space spanned by the elements 
above, the functions must tend to zero in each of Hi^ and in the middle strip. (The difference 
with the degenerate case considered previously is that now the estimate for the problem over Hi 
implies that the w-componcnt of a function in the i^-orthogonal must vanish, whilst that over 
Hi implies that the (/-component must vanish.) 

When the rotation angle equals tt we still get a 2fc-dimensional kernel, now spanned by the 
(2A: — 2)-dimensional space of constant sections perpendicular to ^(x,vs>) the two solutions 
on H\ and H2 that vanish at the point where the disks are joined. We finally shorten the curve 
until it is constant, and the argument principle again implies that the kernel does not change. 

In summary, after stabilizing with one auxiliary direction we may identify the vectors in the 
kernel with ix-\-v and ix — v (by evaluation at 1). Hence the kernel of the once stabilized problem 
gives a vector bundle over the unstable manifold of S'^'^"^, for which a stable trivialization of 
the constant loops (corresponding to a trivialization of TS'^*''"^ over the ^-section) extends, as 
described, over the fibers Qv The lemma follows. □ 

We next consider stable trivializations of these stably trivial index bundles. Let A C CjW be 
a compact subset. Then there exists > and a map ip: A—^ Hom(R^,3^), 7 1— > -0-,, such that 
for any ^ € A, 

is surjective. Lemma [7731 implies that the bundle ker(9©M^) over A with fiber over ^ € A given 
by ker(9-y © i/'-y) is trivial over any CW-complex B <Z A oi dimension at most 6fc — 7. A stable 
trivialization of \j over B is the stable homotopy class of a trivialization of ker(9 © M^) |b where 
we stabilize by adding an arbitrary map tp' : B ^ Hom(E^''^, 3^). To clarify, observe that if 9^©-0^ 
is surjective then for each e S M.^^ there is w S 5^ © such that d^{v) + tp-^iv) = —'ip'{e), and 
such V is unique up to addition of a vector in ker(9^ © ipi)- It follows that a trivialization Z of 
ker(a © R^) and the standard basis in R'^' induces a triviahzation of ker(9 © © M*^). 

Remark 7.4. Consider stabilizations Z of 9©M^ and Z' of 9©M^^, which both give everywhere 
surjective operators. To compare the trivializations on the kernel bundles, we consider the bundle 
ker(a © © M*^), and compare the trivializations Z © R*^ and Z' © M^. 

Remark 7.5. In the applications below we will only be concerned with compact subsets of the 
various mapping spaces involved. For simplicity, we fix throughout a sufficiently large compact 
subset of the loop space which contains all the spaces (and homotopies) relevant to our problem. 

Remark 7.6. If i? C CjW, if Z is a stable trivialization of Ij over B, and if g: C — > i? is 
any map, then Z induces a stable trivialization g*Z of g*lj, g*Z(c) = Z(g{c)). In particular, 
if S C B, and if (7: C — > i? is a map which is homotopic to a map into E then the stable 
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trivialization g*Z is determined by the restriction Z\^. Indeed, fix a homotopy gt: C — > -B, 
< t < 1 with go ~ g and gi{C) C S; then the homotopy of trivializations Z(gt{c)) connects 
PqZ to glZ, and the latter is determined by Z\-s- 

7 A. Pre-gluing and coherent stable trivializations. We next focus on the loop space com- 
ponents relevant to our main problem: £„iVK', CiW , and CqW . Write C*W' = CjW x dD 
for the space of free loops with one marked point and let I* denote the pull-back of the index 
bundle Ij under the natural projection map that forgets the marked point. We recall the notion 
of coherent trivializations from Section [3.61 

Consider a compact CW-complex N with maps p: N ^ C*_iW' and q: N ^ CiW such that 
evop = evi o q. Assume furthermore that the map p factors as follows: 

N — ^ A X 51 C*_^W' = C-iW X Sh 

where A is a compact CW-complex. Write PC: N CoW for the map PGo(p x q) and 
consider the pull-back bundle PC* Iq over N. By Lemma [7.21 we find that there are two stable 
trivializations of this bundle: one given by p* Z'ti © q*Zi and one given by PG*{Zq © Ztw), 
where Ztw is a fixed trivialization of TW' . The triple of trivializations Z^i, Zi, Zq were called 
(d', cJ)-coherent if the two stable trivializations p*Z^]^© (7*^1 and PG* (Zq® Ztw) are homotopic 
for all N and A as above with dim(A) < d' and dim(A'^) < d. 

In the following Lemma, trivializations of Ij refer to trivializations over Sj x ^(Q), see Lemma 
17.31 In the proof, we use notation as in the definition of stable trivializations in Section 13.61 

Lemma 7.7. For any stable trivialization Z*_^ o/Ilj^, there are stable trivializations Z\ of li and 
Zq o/Iq such that {Z'^i, Zi, Zq) is (1, d)-coherent for any d < 6k — 7 . 

Proof. Remark 17.61 implies that the trivialization p* Z'^i is determined by the restriction of the 
trivialization Z^j^ to the preimage of the 1-skelcton of C-iW . We take the 1-skeleton as x {x}, 
where the 5^-factor determines the staring point of the geodesies which are constant curves at 
X in the 5^*"'^ ^-factor. More explicitly, fix a homotopy at of the map a such that ai maps to 
the 1-skeleton. Then evo(at x id) gives a homotopy from evioq to evioq^, where qi is the 
map which conjugates the loop q with the trace of the homotopy evo(at x id). Therefore evi is 
homotopic to a map with second component mapping into the based loop space il{S'^^~^ , x). We 
can perform a further homotopy of qi , without changing the start-points of loops in the image, 
so that the S'^-component of any one of its loops is also geodesic, and so that the loops in the 
image have the standard product form discussed previously (first following the 5^-component, 
then the S'^'"""-'^ -component). 

It follows that, after a homotopy of p and q and the induced homotopy of PGo(p x q), the 
map PG: N — > CqW factors through the fibered product S of (the preimages of) the 1-skeleton 
51 X {x} X 51 c C*_^W', and the d-skeleton of x n{S^''^^,x) c Ci{W'). 

We now use a skeleton of CaW which differs from the one constructed previously as follows: 
every loop in the second factor is replaced by a negatively oriented geodesic with a positively 
oriented geodesic inserted at —1 (the antipodal point of the base point). It is then easy to see 
that the map N — >■ CqW is homotopic to a map in which all S'^-components have the form of 
the loops in S. 

Conveniently, the fibered product defining S is actually homeomorphic to a cell complex. 
More explicitly, the fibered product of the lowest-dimensional cells, meaning those of dimension 
< 6A; — 7, is homeomorphic to 

X S^* X (7.5) 
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where the first coordinate on the torus x S^* is the starting point of the loop, the second 
is the point along the parameterizing S^, and the final factor corresponds to the Bott manifold 
S\^~^ of Lemma [7. II (recall that the higher cells in the based loop space have index > 6fc — 6). 

From the construction of the skeleton, and the fact that we are dealing with the component 
CqW containing the constant loops, the starting point loop maps to a non-contractible loop 
in CqW, whilst the second factor S^* maps to a contractiblc loop. The condition that "the 
trivialization of the pull-back agrees with the pullback of the trivialization" is that the loop 
which is mapped to a trivial loop under PG gets the trivial (nuU-cobordant) framing. The 
framing of this loop is given by 

Zl,\si.®Z,\si, 

so this condition is fulfilled provided we take Zi to have the same framing class as Z^i- The 
framing on the non-trivial base point loop in CaW should then also be chosen to be 

This framing can now be extended trivially over the third factor of (|7.5|) . The lemma follows. □ 
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